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We introduce a sparse classical representation, a truncation strategy and a shot-efficient sampling
method to push the classical prediction of quantum error correction thresholds beyond Clifford
operations and Pauli errors. As two illustrations of the potential of our method, we first show
that coherent noise error thresholds, when computed at the circuit level (i.e taking into account
full syndrome circuits) for distances up to d = 9, are systematically overestimated (by a factor of
about 4) by a Pauli-twirling approximation of the noise. We then apply our method to the recently
introduced magic-state cultivation protocol. We show, through shot-efficient importance sampling,
that, at distance d = 5, the multiplicative factor between the T-gate and the S-gate injection error
rate is not the one conjectured from low-d computations: it can be as large as 7.

I. INTRODUCTION

Quantum error correction has come to the forefront
of quantum computing very recently as the limitations
of non-error-corrected processors—the so-called noisy,
intermediate-scale quantum (NISQ) processors—have
been laid bare by a decade of experimenting with these
prototypes, and as first proof-of-principle experiments
of quantum error correction have been carried out on
various platforms [1-15].

Yet bridging the gap between these early experiments and
the large-scale codes needed for useful error correction is
a formidable challenge, both from an experimental and
theoretical point of view.

In this work, we shall be concerned with the latter and
will in particular be interested in the computation of
the so-called quantum error correction threshold. This
threshold is the minimal level of physical errors required
for a given quantum hardware and code to successfully
protect quantum information from corruption by the
outside world. Computing this threshold is very
important in practice as it crucially guides the design
both of quantum hardware and of quantum codes. And
yet it is very difficult to compute.

Typical methods to compute this threshold rely on heavy
simplifying assumptions. The two most widespread
assumptions are that the quantum circuits used to
perform error correction contain only so-called Clifford
operations (e.g Hadamard gates and CNOT gates belong
to the Clifford group) and that the noise that afflicts
quantum computations is of the Pauli type (namely only
X, Y and Z errors occur). These two assumptions reduce
the computational complexity of threshold estimation
from exponential to polynomial in the number of qubits
(and gates), which allows one to perform large-scale
threshold estimations.

However, these assumptions are not fulfilled in general,
and even less in current and upcoming generations
of quantum processors. For instance, decoherence in
quantum processors is not always of the Pauli type.
Other types of noise are observed in current processors,

like amplitude damping (also called relaxation) noise or
coherent noise. On the other hand, non-Clifford gates
(like T gates, namely 7/4 rotations) are essential to
perform universal quantum computations.

The introduction of non-Pauli noise and non-Clifford
gates, however, leads to a drastic increase in the
computational cost of computing the threshold. Brute-
force methods, with a dense representation of the state of
the quantum processor, lead to a price that is exponential
in the number of qubits, drastically limiting the code
sizes one can explore. Expansions in T gates using
stabilizer rank [16, 17] are exponential in the number
of T gates, and limited to non-Clifford gates that are
diagonal in the computational basis.  Other, more
specific, methods have been used to estimate thresholds.
For coherent noise, it is possible to map the surface
code to a Majorana fermion problem [18, 19], but this
only allows to study noise on a phenomenological level.
Tensor-network based simulations [20, 21| have also been
developed for arbitrary non-Pauli noise, but are also
limited to phenomenological-level noise and assuming
perfect measurements. This lack of methods to compute
error thresholds for realistic noise models and quantum
circuits typically prevents one from computing accurately
the influence of coherent noise on surface codes, with
some literature pointing to a negligible influence [18, 19,

, 23], and some other pointing to a larger influence
[20, 24-30]. Likewise, the true error threshold of the
recently introduced T-gate cultivation protocol [31] is
still out of reach for relevant sizes.

In this work, we propose a new computational method
to reliably estimate error thresholds in the presence
of non-Pauli noise and non-Clifford errors. It is
based on a mnew compressed representation of the
state of the quantum processor, dubbed Pauli Frame
Sparse Representation. It is tailored to quantum error
correction: this representation is the most economical
for states that are supposed to be preserved by the error
correction process, namely the states that are stabilized
by the code.

With this method, we show that we can simulate
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a wide range of quantum error correction protocols
including non-Pauli noise and non-Clifford gates, with
two prominent examples: the computation of the error
threshold for coherent noise with the surface code, and
the computation of the logical error rate of the magic stat
cultivation protocol [31] for d = 5.

This article is organized as follows. Section II develops
the Pauli Frame Sparse Representation (PFSR), detailing
its construction, operational meaning, and relevance for
modeling quantum states that live near a code space.
Section III demonstrates how PFSR can be used in
practice, by giving update rules for Clifford operators,
general unitaries, measurements, and noise channels.
Section IV applies the method to estimate thresholds on
the rotated surface code under non-Pauli noise, both on
phenomenological- and circuit-level. Section V applies
the method to estimate the logical error rate of the
magic state cultivation protocol for d = 3 and d =
5. Section VI concludes with a summary of the main
insights and a discussion of promising directions for
future investigation.

II. PAULI FRAME SPARSE REPRESENTATION

In quantum error correction, one typically works under
the expectation that physically relevant states remain
predominantly within—or close to—the so-called code
space. This assumption is not merely technical: it
reflects the operational viewpoint that the purpose of
a code is to carve out a subspace in which logical
information is protected, and around which errors act in
a controlled and correctable manner. Representing states
with respect to this code space therefore provides both
conceptual clarity and analytical leverage. It allows us
to separate the dynamics into components that preserve
logical information and components that drive the state
away from the code space, the latter being precisely what
the recovery procedure is designed to mitigate.

Our representation of the quantum state blends stabilizer
formalism with a sparse state-vector expansion, all
expressed in a Pauli-frame-defined eigenbasis.

A. Stabilizer Frame

A general state on n qubits can be decomposed as a linear
combination of computational basis states. Storing such
a state is very costly due to the size of the computational
basis. In our method, instead, we want to decompose
our state on a reduced basis that takes advantage of the
fact that quantum error correction is going to preserve
states living in the so-called code space. More specifically,
states of the code space are stabilized by a set of n
mutually commuting independent Pauli operators

S:{So,Sl,...,Sn,l}CPn, (1)

where P,, = {£1,4i} x {I,X,Y,Z}®" denotes the n-
qubit Pauli group. These operators generate an Abelian
subgroup (S) C P,,. We call S the stabilizer frame.

S is a compact way to define a common eigenbasis
{Is)}seo,1y»—called the stabilizer eigenbasis—on which
we shall decompose our state. Here, each label

S = (80,81,...,Sn_1) S {O,I}n (2)
encodes the stabilizer eigenvalues according to
Sils) = (=1)>s). 3)

Thus, the bitstring s specifies the pattern of stabilizer
eigenvalues, and will later be referred to as the label of
the basis kets.

In general, the system is initialized in the computational
basis state |0)®", we have S; = Z;, and the initial
stabilizer eigenbasis coincides with the computational
basis.

B. Sparse vector representation

Within this stabilizer frame, we express a general, non-
stabilizer state as a (typically) sparse superposition

w) =S agls), (4)

s€T

where Z C {0,1}" is a sparse index set of basis labels
with nonzero amplitudes ag € C.

Thus, at initialization,

Wo) = [0)°", So = {Z0, Z1, s Zu-1}, To = {0}, ap = 1.
(5)

C. Pauli histories and relative phases
1. Pauli history

It is important to note that a stabilizer basis element |[s)
is only defined up to a phase. To avoid errors during
our computation, it is necessary to be able to compute
the relative phases of two basis elements with the same
label. To do so, we additionally keep track of the so-
called Pauli history of each basis element, which is the
product of all the Paulis that were applied to go from the
reference stabilizer eigenstate (]0), the +1 eigenstate of
all S;) to the current basis ket. Hence, each populated
basis element |s) is associated with its Pauli history Ps,
with

|s) = P 0) (6)

where Ps = P P,...Py, a product of all the Pauli that
were applied to |0) leading to |s) being populated.



2. Relative phases between two Pauli histories with the
same label

During simulations, it may happen that contributions

with different Pauli histories Ps(l) and Ps(z) end up
with the same label s. In this case, we cannot merge
them safely the two contributions to the same basis ket

Is); = 5(1) |0) and [s), = PS(Z) |0) without knowing their
relative phase

912 = (3], |s), = (0] (PV)T P2 |0) (7)

Since Ps(l) and PS(Q) generate the same label, i.e. they
have the same commutation/anticommutation relation
with each of the S; of the stabilizer frame. This means

the product (Ps(l))TPS(Z) commutes with all the S; and is
therefore generated by the stabilizer frame, so there is a
decomposition

(PINYIPE) =~ s (8)
i€A

for some subset A C {0,...,n—1} and some global phase
v € {+£1, +i}.

Then, since |0) is a +1 eigenstate of all the generators
S;, we simply have

%2 = (0|7 ][ 5:10) = v (0]0) = ~. (9)
i€EA

D. Summary of the Pauli Frame Sparse
Representation

At any time, the state of the system is represented by a
Pauli Frame Sparse Representation (PFSR)

PESR(|¥)) = (S, {(s, o, Ps)}sex), (10)
where

e S ={5;} defines the stabilizer frame,

e 7 C {0,1}™ is the index set of populated basis
eigenstates,

e o € C are sparse amplitudes,

e P, tracks Pauli histories for consistent phase
bookkeeping.

It uniquely describes the state

W) =) s P 0). (11)

s€Z

This representation allows to move away from the
stabilizer formalism (pure Clifford regime, where |Z| = 1)
towards a sparse state-vector simulation of non-Clifford
dynamics, while retaining a Pauli-frame structure that
enables efficient Clifford updates and error-correction-
aware reasoning.

FEzxample. For example, let us consider the state |+) =

% on one qubit. If we take S = {X} as the stabilizer
frame, the state will be represented by the following
PFSR:

o S={X}
o 7=1{0}
°ap=1
o« P =1

However, we could also choose & = {Z} as our stabilizer
frame. In this case, we obtain another PFSR for the same
state:

e S={7}
o T=1{0,1}

— 1 - 1
’040—\/5,041—\/5

OP():I,PlzX.

Hence the PFSR is not a unique representation, and the
choice of the stabilizer frame will have an influence on
the sparsity of the vector of amplitudes.

III. SIMULATIONS USING PAULI FRAME
SPARSE REPRESENTATION

In this section we describe how to update the PFSR
to enforce the highest sparsity upon applying quantum
operations such as Clifford operators, Pauli operators,
generic operators, measurements, and general quantum
channels (including coherent noise).

A. Action of Clifford operators on the Pauli Frame
Sparse Representation

Let C be a Clifford operator, i.e. an operator such that
CP.Ct =P,. (12)

Because Clifford operations map Pauli operators to Pauli
operators under conjugation, they act on the stabilizer
frame and on the Pauli histories in a closed and efficient
way. Note that a specific update rule for Pauli operations
will be derived below. It will be useful for computing,
among others, scalar products between two PFSRs



Action on a single basis state. Consider a stabilizer-

basis state
s) = Ps10), (13)

where |0) is the reference stabilizer eigenstate (41
eigenstate of all stabilizers S;). Applying C gives

C|s) = CP,|0) = (CP,CT)C|0). (14)
We now define the new reference eigenstate
0) = Co), (15)
which is stabilized by the updated stabilizer set
S = {8/ = CS8iC}ocicn_1 (16)
In this new stabilizer frame,

Cls)=Pl|0),  P.=CPC". (17)
Update rule. Thus, applying a Clifford operator C to
the sparse representation corresponds to:

e Stabilizer update: S; — cs;Ct

e Pauli-history update: Py — CPsCt

Importantly, this transformation does not alter the
amplitude coefficients «g, and does not change the
number of nonzero entries in the sparse vector.

Relabeling of basis states. Since both the stabilizers and
the Pauli histories have changed, the stabilizer eigenvalue
pattern (i.e. the label s) associated with each component
may no longer be accurate in the new frame. To
recover the correct labels, one must recompute, for each
component, the commutation/anticommutation relations
between the updated P, and the updated stabilizers {5 }.

In practice, this relabeling step can be deferred
for efficiency: successive Clifford operations can be
accumulated by composing their conjugations, and the
relabeling can be performed only when required (e.g.
before applying a non-Clifford operator, measuring an
observable, or computing an expectation value).

In the Pauli Frame Sparse Representation, Clifford
operations act purely by changing the reference frame:
they rotate both the stabilizer generators and all tracked
Pauli histories within the Pauli group, while leaving the
sparse amplitude vector itself unchanged. This property
allows Clifford dynamics to be simulated with negligible
computational overhead, postponing some costly updates
until a non-Clifford or measurement step is encountered.

This update is illustrated in Fig. 1 (b).

Ezxample.
[00)+]11)

As an example, let’s create the Bell pair
in our formalism. Starting with the state |00)

which is stabilized by ZI and IZ, our PFSR is defined
by

o S={71,17}
e 7 ={00}
e ap =1

L] POOZII

Then, we apply the Clifford gate H on qubit 0.
After conjugation of each stabilizer generator and Pauli
histories, the PFSR is now

o S={XI,I1Z}
o T = {00}
® (oo — 1

L] P()O:II.

Finally, we apply the gate CNOTy_1, which after
conjugation leaves the PFSR

o« S={XX, 22}

o 7 = {00}
e app =1
e Py=11I.
with |Z| = 1, this means we are still simply

describing the stabilizer state stabilized by XX and
ZZ. Note that in principle, the label 00 might no
longer be accurate, and we might need to compute the
commutation/anticommutation relations between Py
and the new stabilizer to obtain the corrected labels.
However, since here Py is still 11, the label is correct.

B. Action of non-Clifford operators on the Pauli
Frame Sparse Representation

It is possible to go beyond Clifford operators by applying
operations to the sparse vector without touching the
stabilizer frame.

1. Action of a Pauli operator on the sparse vector

Instead of applying a Pauli to the PFSR as a Clifford
operation by updating the stabilizer frame and the Pauli
histories, it is possible to leave the stabilizer frame
unchanged and instead perform a remapping of the labels
of the sparse vector.

Let 0 € P,, be an n-qubit Pauli operator, and consider a
stabilizer frame & = {5y, ..., S,—1} defining the common
eigenbasis {|s)}sc(o,13» With S;|s) = (=1)% [s).



Each stabilizer generator either commutes or
anticommutes with 0. We define a binary commutation
vector

c(o) = (co,c1,---50n-1) € {0,1}", (18)

where

0 if [S;,0]=0
C; = 1 [ v 0] ’ (19)
1if {Si,O'} =0.
Label update. Applying o to a stabilizer-basis state |s)
flips exactly those stabilizer eigenvalues corresponding to
generators that anticommute with o:

als) o [s@c(o)), (20)

where @ denotes bitwise XOR. Thus, o acts as a
deterministic permutation of the basis elements labels.

Sparse-vector update rule. If the current state is
represented as Eq. (11), then after applying o we obtain

o|¥) = Zas (0Fs)[0) = Zas Psleac(a) 0), (21)

s€Z s€T

where the new Pauli history for each updated component
is

Operationally, this means that applying a Pauli operator
never increases the number of nonzero entries in the
sparse vector; it merely permutes them and modifies their
phases, the latter information being stored in the Pauli
history.

This update is illustrated in Fig. 1 (c).

2. Action of a linear combination of Pauli operators on the
sparse vector

A general operator O acting on n qubits can be expanded
in the Pauli basis as

0=>"Bros,
k

or €P,, pBreC. (23)

Action on a single basis element. For any stabilizer-

basis state |s), applying O gives
Ols) = Bronls) = Brls®clox)), (24)
k k

where each o permutes the stabilizer label according
to its commutation vector c(oy) as defined previously in
Eq. (18). Each resulting term inherits an updated Pauli
history:

PS/EBC(O'k) = Usz~ (25)

Action on a general sparse state. Given the sparse
representation Eq. (11), the action of O yields

o) = ZZﬁk as (0xFs) |0) = Zﬁk Qs Pslﬂac(a'k) 0).
seT k s,k
(26)
Operationally, each Pauli component o of O produces a
new set of contributions obtained by permuting the labels
and extending the Pauli histories.

Merging contributions. Different terms may produce
components with identical basis labels but distinct Pauli
histories. These represent the same basis ket but may
differ by a relative phase. To maintain a compact sparse
representation, all contributions sharing the same label s
are merged as

agnew) —

> By, g Bk P) - (97)
(s’,k):s'"®c(or)=s

where €?() denotes the relative phase between different
Pauli histories leading to the same label

(P12 — (0| Pf Py |0Y, (28)

that can be computed using the method described in
I1C2. Pref is simply a reference history that we will
keep as the Pauli history for this basis label. The choice
of P! is not important, and we simply pick the Pauli

history of the first contribution with that label.

Applying a general operator O therefore consists of:

1. For each term o}, in its Pauli expansion, apply the
Pauli-update rule to every populated label s;

2. Reindex the resulting components according to s —
s @ c(og);

3. Update Pauli histories as P, = o Ps;

4. Merge duplicate labels by computing relative
phases between Pauli histories and a reference
history and summing their amplitudes.

This update is illustrated in Fig. 1 (d).

Note that in the event that the number of populated basis
kets still grows beyond computational tractability, a step
of truncation can be added at the cost of some error.
This is discussed in IV C 2.

Starting from the Bell pair [¢) = 100)+111)

Ezample. 73

from the previous example, with PFSR:

o« S={XX, 22},

e 7 = {00},
® g = 1,
o Py =11,



let us now apply a T gate on qubit 0. It is described
by the linear combination of Paulis Ty = cos 5 II —
isin g ZI. First, we compute the PFSR of cos § 11 [1)),
which is simply obtained by multiplying coefficients by
cos g:

o S={XX,22}
o T = {00}
® o = COS §
o Py = II.
Then, for the second term, —ising Z1|+), the Pauli

Z I anticommutes with XX and will therefore flip the
corresponding label’s bit, and we get

e S={XX, 77}

e 7 ={10}
® (X1 — —iSiH%
o P10:ZI.

so the sum of the two gives us a PFSR of Tj |[¢) as
e S={XX,ZZ}

e 7 ={00,10}

us

® o = Cos g, ajp = —isin g

e Py =II, Py = ZI.

C. Projective measurements

We consider projective measurements of an n-qubit Pauli
operator P € P,. The two projectors onto the =+1
eigenspaces are

I+ P
My = ——. (29)
2
Given a normalized state |¥) the outcome probabilities
are

1+ (P)

p:l::<\II|H:t|\II>: 2 )

(P)=(¥|P|¥). (30)

Conditioned on outcome =+ the post-measurement
(normalized) state is

Iy [V)

Vi) = N

(31)

Computing expectation wvalues. To compute the
expectation value (P), we first compute |¥') = P|U)
by applying P to |¥) not as a Clifford operation, but
as a Pauli operator as described in IIIB 1, in order to
have |U’) and |¥) expressed with the same stabilizer
frame, i.e. in the same basis. Then we can simply
take the scalar product (U|U’) taking advantage of the
orthonormality of the basis, and computing the relative
phases as described in ITC 2.

In the Pauli Frame Sparse Representation there are
two qualitatively distinct cases, depending on the
commutation pattern of the measured Pauli P with the
stabilizer frame S = {5;}.

1. If P commutes with all stabilizer generators

If [P, S;] = 0 for every i, then we can decompose it as a
product of stabilizers

P=y][]s: (32)

i€A

for some subset A and phase v € {£1, £i}. In particular
P is diagonal in the current stabilizer eigenbasis, so each
basis ket |s) is an eigenvector of P with eigenvalue 41
determined by the subset A and the label s.

Let the current state be as in Eq. (11).
Let us define the indicator function

ie.  x+(s) selects those labels that lie in the +1
eigenspace of P. (x+(s) can be computed from the parity
of label bits in A.)

Then the unnormalized post-measurement vector for
outcome =+ is

T W) =Y " asx(s) Ps[0) . (34)

Hence the outcome probabilities and normalized update
are

1
b+ = |Oés|2 X:I:(S)7 ‘\Ijﬂ:> = — Oész:(S)PS|O>.
(35)
In practice, this means that the projection is applied
by simply deleting the labels s for which y+(s) = 0,
and renormalizing the projected state by multiplying all
coefficients by a factor 1/,/p+

2. If P anticommutes with at least one stabilizer generator

If P anticommutes with one or more stabilizer generators
then P is not diagonal in the current stabilizer eigenbasis.



In this case, simply applying the projector IIL as an
operator would increase the number of populated basis
eigenstates, which we wish to avoid. Therefore, we apply
I+ by changing the stabilizer frame, keeping the same
number of populated basis eigenstates. This change of
stabilizer frame mirrors standard stabilizer-measurement
updates but is compatible with the sparse expansion.

New stabilizer frame. Pick some generator S, that
anticommutes with P (if there are several, any choice
yields an equivalent final stabilizer group up to phases).
If more than one generator anticommutes with P, update
all the other anticommuting generators S; by multiplying
them by S,. This way, all the new stabilizer generators
S;S, commute with P and S, is the sole anticommuting
generator. Therefore, the new stabilizer frame after
projection will be updated by replacing S, by P (usually,
it is replaced by +P depending on the measurement
outcome, but in practice we will always replace it with
P and any extra minus sign will be accounted for in the
coefficients ag).

Hence the update rule for the stabilizer frame is as follow:

s S; if [S;, P] =0
#1088, i {Si;, P} =0 (36)

S« P

New Pauli histories. In order to update the Pauli
histories of all the populated basis eigenstates, let us
make the following observation: in the new stabilizer
frame we have n — 1 generators S, with ¢ # r, that all
commute with each other, and commute with both S,
and P. Meanwhile, S, and P anticommute with each
other. Hence, there exists a Clifford operator U that
maps each S} to a Z; with 0 < j <n—1, maps S, to X,
and P to Z,.

Then for a given Pauli history Ps, the new Pauli history
is given by

(37)

Q. = aUt(Pyse ® 1)U if T1, is applied
® ) BUN(Pase ® X)U if TI_ is applied

where P,so € Pp_1 is the Pauli applied on the first n — 1
qubits from the conjugation of Ps by U

UPU'= Py P, (38)
~—~—
n—1 qubits
and «, 8 are the coefficients of
P |+) = al0) + B81) (39)

the recipe to find U and the proof of Eq. (37) can be
found in Appendix A.

Finally, once the histories have been updated, one needs
to renormalize the coefficients of the populated basis kets
by multiplying them by a factor 1/,/p=.

Note that since we changed the stabilizer frame, the
labels of the basis kets after the projection will no longer
be up-to-date, just like after the application of a Clifford
operator.

3. Summary of projective measurement

Therefore, the application of the projective measurement
of a Pauli P is done as follows:

1. Compute the probability of measuring a given
eigenvalue pi, and determine which result is
observed

2. Check the commutation/anticommutation of each
generator of the stabilizer frame S; with P

3. Depending on the relations:

e If all generators commute, do not change
the stabilizer frame, just delete the labels
with the wrong eigenvalue and renormalize the
coeflicients of each populated basis ket

o If at least one generator anticommutes with
P:
(a) Update stabilizer frame

(b) Compute the Clifford U, the Pauli P
and the coefficient o or 8

(c) Update the Pauli histories depending on
the measurement result

(d) Renormalize the coefficients of each

populated basis ket.

This update is illustrated in Fig. 1 (e).

Ezample. Starting from the state |¢) = Tp|y) of our
previous example, with PFSR:

e S={XX,ZZ}

e 7 ={00,10}

® app =COS §, a1 = —isin g
o Pyg=1I, Pig=ZI,

we now decide to measure qubit 0 in the computational
basis, i.e. measure the Pauli ZI. First, we evaluate the
expectation value (¢| ZI |¢). We obtain a PFSR of ZT |¢)
by applying Z1I as a Pauli operator and not as a Clifford
operator, to leave the stabilizer basis unchanged. We get
the PFSR

o« S={XX, 22}
e T = {00,10}



® app = —ising, ajpg =cos g
(] POO :II, Pl():ZI.

Hence, we obtain (¢| ZI|¢) = —icos g sin g (00]00) +
icos § sin g ({00] ZI)(ZI|00)) = 0, so the probability of
measuring +1 or -1 is %

Let us assume for this example that the
measurement gives the result -1. By checking the
commutation/anticommutation relations of ZI with
S, we notice that ZI anticommutes with XX and
commutes with ZZ. In order to apply the projection,
we first need to find a Clifford U that maps ZZ to Z1I,
XX to IX, and ZI to IZ. Such a Clifford is given by
U=CNOTy_1CNOTi_9. We can then use this U to

update the Pauli histories.

For Pyy = II, we have UPy U™ = II so P.s = I and

P, =1 so 6 = %a and QOO = 6UT(PCISC®X)U =

R sa - 1

\/§U (I X)U = ﬁXX.

For Py = ZI, we have UP;oU' = IZ so Pyse = I and
P, =Zs0of =—--L and Qo = BUT(Puse ® X)U =

1 \/5,1
—WUT(I® XU =-L1XX.

V2

We can notice that both Pyy and P;g are being sent to
the same Pauli history up to a phase. We can therefore
merge those by summing their coefficients, which become
(accounting for the renormalizing factor 1/,/p= = V/2)
a= \/ﬁ(% cos T — %(—z) sin ) = e's

Since the updated stabilizer frame is now S = {Z1,ZZ}
(we replaced the anticommuting XX by the measured
Pauli ZI), the label of this new Pauli history XX is 10
and the PFSR after projective measurement is:

o S=1{271,27}
e 7 ={10}
[ ] 0410 = @i%

o Py = XX.

D. Application of noise channels

Since our simulation is based on a sparse representation
of the state vector and not the density matrix, noise
channels will be applied in a stochastic way, by randomly
picking one of the Kraus operators to apply to the
state vector at each application of a noise channel, and
averaging the result by Monte-Carlo sampling over a
large number of trajectories. Here we present the noise
channels studied in this work.

1. Depolarizing noise

A depolarizing noise channel with parameter p acts on
the density matrix as

E(p) = (1 —p)p+ EXpX +5YpY + 520z, (40)

Hence, when applying a depolarizing noise channel with
parameter p to the state vector in a stochastic way, we
apply either I, X, Y or Z with respective probabilities
1—p, £ %and £

Note that since all the operators we can apply are Clifford
operators, we could very well apply them by updating
the stabilizer frame. However, as a design decision
to separate errors from other Clifford operations and
to maintain coherency with the other types of noise
channels, we apply them instead by updating the labels of
the sparse vector (see Fig. 1 (c)). In either case, all Pauli
noises keep the number of populated basis kets constant.

2. Amplitude damping noise

An amplitude damping noise channel with parameter
acts on the density matrix as

E(p) = KopK{ + K1pK], (41)
where
1 0 14+v1—7y 1—y1—v
Ky = = 1 Z
0 <0 \/1—7) 2 + 2 ’

K= (8 \?) - gX—i—i?Y.
(42)
Note that unlike Pauli noise channels, the Kraus
operators Ky and K; are non-unitary, and hence do not
preserve the norm of the state vector. In this case, in
order to stochastically apply this noise channel to a state

vector [1), we must proceed as follows:

e for all Kraus operator K;, compute ‘1;2> = K; |¢).

151> is not a normalized state. The probability of

)
e Draw a Kraus operator K; from this probability
distribution, apply it to the state vector and
renormalize it, so that the final state after
[4:)

V(Bili)

Naturally, when we only have two Kraus operators like
in the case of amplitude damping, we simply compute py,
and either apply Ky or K; with respective probabilities
po and 1 — pg.

applying K; is then given by p; = <1ﬁ1

application is |¢;) =

Note that both Ky and K; are linear combinations of
two Paulis. This means that no matter which one is
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FIG. 1. Overview of the Pauli Frame Sparse Representation, and how different operations affect the different components. a)
an instance of PFSR is composed of a stabilizer frame, and a sparse vector of populated basis kets, with amplitude, labels,
and Pauli histories. b) When applying a Clifford operator, one may simply conjugate both the stabilizer frame and the Pauli
histories, leaving the size of the sparse vector unchanged. ¢) When applying a single Pauli operator, one may also choose
to leave the stabilizer frame unchanged by composing the Pauli histories and relabelling accordingly. d) Any general unitary
can be decomposed as a linear combination of Paulis that can be applied to the basis kets individually, before adding and
merging the basis kets. In the worst case scenario, this will multiply the size of the vector by the number of Paulis in the linear
combination. e¢) When performing a projective measurement, we distinguish two cases: if the measured Pauli commutes with
all stabilizers of the stabilizer frame, the latter does not need to be updated, and we can simply perform the projection by
deleting the basis kets that are outside of the eigenspace we project to. This will on average divide the size of the sparse vector
by two. If the measured Pauli anticommutes with at least one stabilizer of the stabilizer frame, one must update the stabilizer
frame and the Pauli histories according to the method described in II1 C2. The size of the sparse vector will usually stay the
same, up to merging of some Pauli histories.

drawn, the number of populated basis kets might increase
up to a factor 2. This can be very problematic when
applying a wall of noise on each qubit of a large code,
as the vector would quickly lose its sparsity. We present
two ways to circumvent this issue. The first one relies
on a layering of noise applications (increasing the size
of the vector) and projective measurement of stabilizers
(reducing the size of the vector) and is presented in
IVB1. The second one relies on a stabilizer channel
decomposition [32] of the amplitude damping channel,
and is presented in Appendix B. In the rest of this work,
we will use the first option.

3. Coherent noise

Rather than a probabilistic process where errors act
randomly on subsets of qubits, noise in a realistic device

will often be coherent, i.e., unitary, and can involve small
rotations acting everywhere.

In this work, the coherent noise we will study is a rotation
along the Z-axis of a small angle 6

E(p) = e 57 pe’s 7, (43)
Since e~#5%Z = cos gl — isin gZ , applying the rotation

as is will again increase the number of populated basis
kets up to a factor 2. Coherent noise channels also
have a stabilizer channel decomposition, which is given
in Appendix B.



IV. COMPUTING THRESHOLDS ON THE
ROTATED SURFACE CODE

We focus here on the rotated surface code [33-37]
because its local stabilizer structure makes it directly
implementable on present-day architectures, and it has
been used extensively in experimental demonstrations
of error correction. This section applies our PFSR
framework to this setting, allowing us to study how
a more faithful representation of realistic noise alters
logical error rates and threshold behavior.

A. The rotated surface code

In this work, we will use the [L2 1, L] rotated surface
code [35, 38, 39]. It is a topological quantum error-
correcting code defined on a L x L square lattice of
data qubits with alternating plaquette stabilizers of X-
type and Z-type. Compared with the standard surface
code layout, the rotated construction uses fewer physical
qubits for a given code distance while preserving locality
and the same error-correction properties [10].

Lattice structure. The code is defined on a two-
dimensional square lattice whose faces alternate between
X- and Z-stabilizers. Each face f corresponds to a
stabilizer generator

H X;, f an X-type face,
Sp = 44
! H Z;i, [ a Z-type face, (44)
icf

where the product runs over the data qubits ¢ located
at the vertices of the face. Additionally, the rotated
surface code uses “rough” and “smooth” boundaries
corresponding respectively to Z- and X-type edges,
hosting weight 2 stabilizers.

The stabilizers mutually commute and generate the
stabilizer group & = (S¢). The logical subspace is the
simultaneous +1 eigenspace of all Sy.

For a code of distance d, the number of data qubits is
n = d?, and the number of ancilla qubits is d?> — 1, so
there are 2d? — 1 physical qubits per logical qubits. Two
logical operators can be chosen as string operators

X7, = H X;. 7L = H Z;, (45)

el x i€ly

where I'x and I'z are nontrivial homologically distinct
paths connecting opposite boundaries of the lattice.

Syndrome extraction. In a full QEC cycle, each
stabilizer generator is measured by an ancilla qubit
coupled locally to the four (or two, on edges) data qubits
defining that stabilizer. The measurement outcomes
{sy = %1} constitute the syndrome, which identifies the
pattern of stabilizer violations caused by physical errors.
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FIG. 2. Patch of rotated surface code with distance d = 5.
Black dots represent physical data qubits, and orange (blue)
faces represent X-type (Z-type) stabilizers. The dotted red
(blue) contours represent logical operators X1, (Z1). Each
plaquette and each edge hosts an additional ancilla qubit (not
shown) used to measure the corresponding stabilizer.

In the context of this work, we focus on the quantum
memory experiment, where the logical qubit is initialized
either in the logical |0); state, corresponding to the +1
eigenstate of all Z-type stabilizers and of the logical
operator Zr,, or in the logical |+), state, corresponding
to the +1 eigenstate of all X-type stabilizers and of
the logical operator Xp,. It is then subjected to noise
for d rounds + one last round of perfect measurements,
and subsequently decoded to determine whether a logical
error occurred.

B. Threshold with phenomenological-level noise

In order to benchmark quantum error correction
independently of the details of syndrome extraction
circuits, we first estimate thresholds wunder a
phenomenological-level noise model. = This approach
introduces errors directly on data qubits and stabilizer
measurements, rather than modeling the full quantum
circuit implementing each stabilizer check. It therefore
captures the essential fault-tolerance behavior of the
code while avoiding the overhead of simulating ancilla
qubits, entangling gates, and measurement operations
at the circuit level.



1. Layered approach to noise application

In our simulations, we employ the phenomenological
model to study the intrinsic performance of the rotated
surface code under non-Pauli noise, using the Pauli
Frame Sparse Representation described in Section II.
At each QEC round, the physical noise channel is
applied independently to every data qubit. Syndrome
extraction is modeled ideally except for the possibility
of independent bit-flip errors on the measured stabilizer
outcomes.

1- Noise application

1 —.. -
2 - Z-stabilizer measurement =

3 - Noise application

""" - *—@
4 - X-stabilizer measurement
.......... *—@
5- Noise application -
*—0—§

FIG. 3. Layered noise application applied to simulation of
phenomenological noise on rotated surface code.

Applying a non-Pauli noise channel such as amplitude
damping or coherent unitary rotation to a qubit in our
sparse representation typically doubles the number of
populated basis components, since any Kraus operator
that is drawn is a linear combination of two Pauli
strings (see previous section). If noise were applied
simultaneously to all d?> data qubits, the number of
populated basis labels might grow up to 2d2, destroying
sparsity and making simulation intractable.

To mitigate this exponential blow-up, we exploit
the complementary effect of projective stabilizer
measurements, which tend to reduce the vector size
by projecting the state back into one of the stabilizer
eigenspaces. We therefore alternate noise application
and stabilizer measurements in a carefully chosen order,
ensuring that each region of the code is measured
as soon as all its qubits have experienced noise (see
Fig. 3).  This “layered” approach allows us to
simulate phenomenological-level noise exactly (since
the measurement of a stabilizer commutes with noise
channels on qubits outside of the support of said
stabilizer), while keeping the state-vector size under
control throughout the evolution.

Noise layering. Starting from one corner of the rotated
surface code, noise channels are applied incrementally
to small subsets of qubits, followed immediately by the
measurements of any stabilizers fully supported on those
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qubits. For example, consider the first few qubits of the
lattice and their neighboring stabilizers:

ZoZy, Xo X1 X5Xe,
21 ZyZeZr, X5X10,
ZsZeZ10211, X6 X7 X11X12.

A possible sequence (illustrated in Fig. 3) proceeds as
follows:

1. Apply noise to qubits 0 and 1.

2. Measure ZyZy, since all its qubits have now been
“noisified.” This measurement halves the number
of populated components.

3. To measure Xy X; X5 Xg, noise must first be applied
to qubits 5 and 6.

4. Once qubits 5 and 6 have been updated, measure
XoX1X5Xs.

5. Continue in this greedy fashion: for each stabilizer,
apply noise to all its qubits if not already done,
then measure it immediately once all its qubits have
undergone noise.

This procedure effectively sweeps across the lattice,
alternating between layers of noise application and
layers of stabilizer measurement. At any given
moment, only the qubits belonging to a local patch
of active stabilizers contribute to vector branching,
while completed stabilizer regions are projected and
compressed back into lower-rank subspaces.

Because of the locality and checkerboard structure of
the rotated surface code, this layered schedule bounds
the growth of the sparse vector to approximately
O(2%) components, where d is the code distance.
Intuitively, at most one “front” of width proportional
to d (corresponding to the active column of stabilizers
adjacent to the current measurement layer) remains
unprojected at any given time. This significantly reduces
both memory usage and runtime compared to a naive
global noise application. In practice, this upper bound
is seldom reached: in the case of amplitude damping or
coherent noise, an error will usually only flip one type of
stabilizer, either X- or Z-type, so the size of the sparse
vector scales rather as O(2%), as shown in Figure 4

Since the phenomenological noise model applies
independent physical channels to each qubit, the layered
strategy introduces no approximation: the order of
noise and stabilizer measurements is irrelevant to the
overall channel but strongly affects the intermediate
sparsity of the simulated state. The same scheduling
idea can be adapted to other lattice geometries or error-
correction codes by following their stabilizer connectivity
graphs and applying noise in local clusters before each
stabilizer measurement layer, although codes with higher
connectivities will see less computational benefits from
it.
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FIG. 4. Maximal number of populated basis kets reached
through the simulation of d+1 rounds of quantum error
correction using the Pauli Frame Sparse Representation.
Computed for a patch of rotated surface code submitted to
phenomenological-level amplitude damping noise with v =
0.15, under the layered noise application scheme.

2. Amplitude damping noise

In this part, we compute a phenomenological-level
threshold under the amplitude damping noise as
described in IIID 2. We do so by computing the logical
error rate after d rounds of quantum error correction.
We add measurement noise by flipping the measurement
result with probability . For comparison, we also
consider the Pauli Twirling Approximation (PTA) [11]
of the amplitude damping channel. The PTA replaces
the non-Pauli map £ap by a Pauli channel Epra that
reproduces the same action on the Pauli basis after
random twirling. Explicitly,

Epta = (1—px —py —pz) I+px X+py Y+pz Z, (46)

with probabilities obtained by projecting Eap onto the
Pauli basis:

pX:pY:%, PZ:%*% (47)
This map reproduces the same average fidelity as the
exact amplitude-damping channel to first order in v but
eliminates all coherent terms. It is therefore efficiently
simulatable by any stabilizer-based simulator such as
Stim [12].
Figure 5 shows the logical error rate after d rounds of
QEC as a function of the physical damping probability v
for rotated surface codes of distances d = 3,5,7,9, 11.
Strikingly, the curves are nearly indistinguishable within
statistical error: the extracted threshold values agree
to within numerical precision: we find py, =~ 0.72.
This indicates that, for amplitude-damping noise, the
Pauli-twirled channel provides an exceptionally accurate
effective description of logical behavior, at least at the
phenomenological level.
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FIG. 5. Logical error rate for the rotated surface code against
amplitude damping noise at the phenomenological level. a)
shows exact simulation of amplitude damping using the Pauli
Frame Sparse Representation, while b) corresponds to the
Pauli-twirled approximation simulated with Stim. Each point
corresponds to 10° trajectores in a) and 10° trajectories in b).
Both families of simulation show similar thresholds (indicated
by the black dashed lines) ~exact &~ ypTa &~ 0.072.

3. Coherent noise

As another example of non-Pauli noise, we also compute
a phenomenological-level threshold under the coherent
noise described in IIID 3. We compute the logical error
rate after d rounds of quantum error correction, and
measurement noise is added by flipping the measurement
result with probability sin(g)2. We choose this value
for measurement noise as it corresponds to the phase-flip
probability of the PTA of the coherent noise channel,

Epra = (1—pz)I+pzZ, (48)

with p, = sin ()2

A coherent Z-rotation error U = e~%% Z like the one we
use has a trace-infidelity that scales as 1 — F ~ 2, but its
action on off-diagaonal density-matrix elements is linear
in 6. In contrast, the PTA replaces the coherent rotation
by a probabilistic Z-flip with probability p, = % +0(6%),
whose effect on the state is therefore quadratic in 0 at all



orders.Therefore, by cutting these first order off-diagonal
terms, the PTA channel misses important information on
phase coherence, and we expect the thresholds or logical-
rate estimates based on the PTA to differ noticeably from
those obtained under the exact coherent model.
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FIG. 6. Same as Fig. 5, but for coherent noise Rz(6)

(phenomenological level). The x-axis shows the physical
)

error rate sin (5)2 which is the phase-flip probability in the
PTA simulation. Thresholds found for both simulations are

texact ~ 0.024 and tpTa ~ 0.028.

Figure 6 shows the logical error rate after d rounds of
QEC as a function of the physical error rate sin (§)? for
rotated surface codes of distances d = 3,5,7,9,11. The
threshold observed at a physical error rate of feyact =
0.024 is very close to the one obtained under the same
conditions in Figure 3 of [19]. A slight difference of
0.004 is observed between the exact phenomenological
threshold of coherent noise and the threshold obtained
via PTA. This shows that Pauli-twirling is a perfectly fine
approximation to compute a threshold at a qualitative
level. However, we suspect that the situation might get
worse once circuit-level noise is considered. This is what
we investigate in the next subsection.
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C. Computing thresholds with circuit-level noise

In order to accurately estimate quantum error correction
thresholds, it is necessary to simulate down to the reality
of hardware implementation. At the circuit level, we
explicitly simulate the syndrome-extraction circuits, with
ancilla preparation, entangling gates and measurement.
Each elementary operation is subject to a noise process:
single- and two-qubit gates undergo local error channels,
measurements have finite fidelity, and ancilla qubits also
undergo idling noise. Hence, this model includes the
propagation of faults through two-qubit gates, which
can in principle produce correlated (‘hook’) data errors.
However, for the rotated surface code we adopt the
standard CNOT orderings that prevent hook errors
from reducing the effective code distance [36]. In our
simulation, each gate is followed by the chosen physical
noise channel (depolarizing or non-Pauli channel), while
measurement results can be randomly flipped. Ancilla
qubits are also subject to state-preparation error after
each reset.

1. Layered approach at the circuit level

Performing fully parallel, optimal syndrome extraction
(i.e., applying noise broadly and executing many ancilla-
data CNOTs concurrently) causes a large temporary
expansion of the sparse state in our Pauli Frame
Sparse Representation: simultaneously applying non-
Clifford noise to many data qubits increases branching
exponentially with the number of affected qubits. To
mitigate this blow-up we employ a layered circuit-level
schedule, in which ancilla syndrome extraction is carried
out sequentially (one ancilla at a time, executing the full
syndrome extraction sequence: preparation, CNOTs and
optional Hadamards, measurement and reset) according
to the same locality-aware ordering we used for out
phenomenological noise models in Sec. IV B 1.

Concretely, for a target ancilla we (i) apply noise only
to the data qubits required by its stabilizer (and to the
ancilla), (ii) perform the ancilla’s full extraction circuit,
and (iii) immediately perform the measurement (and the
apply the projection to the sparse state) before moving
to the next ancilla. The diagram of corresponding stim
circuits are shown in Figure 7.

This sequential extraction schedule is suboptimal from
a pure threshold point of view (parallel extraction
minimizes the time that errors can spread before
being measured), but it drastically reduces transient
branching by ensuring that noise is applied only
where necessary and that projective compression follows
quickly. The schedule therefore makes circuit-level non-
Pauli simulation tractable for larger distances than would
be possible with fully parallel extraction.

To validate that the sequential (layered) schedule is an
acceptable approximation for threshold estimation we
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FIG. 7. Circuit representation of one round of QEC, for
a) optimal syndrome extraction, where CNOTs are applied
in parallel for different stabilizers and b) layered syndrome
extraction, where stabilizers are measured sequentially one
by one. The pink boxes represent noise application, the
black boxes are measurement of an ancilla. The stim circuit
represented here is the one that was used for comparison
purpose in Figure 8.

compare thresholds obtained with Stim under a standard
depolarizing circuit-level noise model for two extraction
schedules: (i) the usual parallel (optimal) schedule,
and (ii) our layered/sequential schedule that measures
ancillas one-by-one following the layered ordering. In
Fig. 8 we find that the extracted thresholds are very close:
for the depolarizing model the threshold is approximately
tparallel = 0.0053 for the parallel schedule versus tiayered =
0.0050 for the layered schedule. This small difference
(3 x 107%) indicates that the layered schedule does
not substantially bias threshold estimation for the noise
regimes we study, while providing large computational
benefits for exact non-Pauli simulation.

Additionally, sequential or semi-serial syndrome
extraction is not purely a numerical convenience:
several physical architectures and compilation proposals
naturally lead to serial or partially serial stabilizer
readout [43, 44].  For example, architectures with
global all-to-all connectivity (or with dynamic routing)
such as neutral-atom [15] and trapped-ion [16, 47]
platforms increasingly consider ancilla reuse, mid-circuit
measurement, moving ancillas, and sequential extraction
as practical strategies.

The layered, sequential schedule therefore serves two
purposes: (i) it facilitates simulation of circuit-level, non-
Pauli noise using the Pauli Frame Sparse Representation,
and (ii) it models a realistic operating point for
architectures or compilation strategies where ancilla
reuse and sequential extraction are natural or required.
Because the threshold difference with the fully parallel
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FIG. 8. Logical error rate for the rotated surface code against
circuit-level depolarizing noise. a) is obtained using the usual,
optimal parallel scheduling of syndrome extraction. b) is
obtained using the slightly suboptimal layered scheduling.
The black vertical dashed curve corresponds to the estimate
code thresholds tparatlel & 0.0053 and tiayerea =~ 0.0050.

schedule is small in our comparison, we regard the layered
circuit-level thresholds reported below as representative
of circuit-level performance for the considered noise
models.

As amplitude damping noise seems to be particularly well
approximated by PTA, we decided to focus our efforts on
the circuit level towards the simulation of coherent noise.

2. Truncation of small-amplitude terms

At the circuit level, even with the layered scheduling
described above, exact simulation of non-Pauli noise
channels and syndrome extraction will produce fault
propagation that causes the sparse expansion to grow
beyond practical memory limits. To keep simulation
tractable, we introduce a controlled truncation step:
after selected operations (in practice after any operation



that increases support , i.e. non-Clifford gates and non-
Pauli noise channels), we remove from the sparse vector
any basis component whose amplitude absolute value
falls below a fixed threshold € > 0 and renormalize the
retained state. This truncation process is similar in spirit
to what is done in Pauli propagation methods [18, 19],
whose aim is to keep a sparse representation of the
observable.

If we represent the state in the current stabilizer frame
as Eq. (11), for a given cutoff € > 0, we define the set of
retained indices as

Is.={s €T : |as| > e} (49)

The truncation produces the normalized post-truncation
state

vy =y %P 0) (50)
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FIG. 9. Logical error rate for the rotated surface code against
circuit-level coherent noise, with different truncation cutoffs
e. Logical error rate computed on 6 rounds of error correction
on the logical |+), state.

We choose & by empirical convergence testing.
Specifically, for distance d = 5 we computed logical error
vs physical error curves for a range of truncation cutoffs
€. As shown in Fig. 9 the resulting logical-error curves
closely overlap for a wide window of 0 < ¢ < 1074,
indicating that the truncation has negligible effect on
the extracted threshold in that regime.

As shown in Fig. 10, adding this truncation can reduce
the number of populated basis kets by several orders
of magnitude while retaining decent accuracy on the
estimation of the error rate.
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of error correction for the rotated surface code at d = 5 b)
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d="1.

3. Coherent noise

Figure 11 presents the logical error rate as a function
of physical coherent error strength for rotated-surface-
code memory experiments at circuit level, for distances
d=3,5,7,and 9. Two simulation methods are compared:

e Pauli Twirling Approximation (PTA) simulation:
the coherent noise is replaced by an equivalent
stochastic Pauli channel and simulated using Stim.

e Pauli Frame Sparse Representation (PFSR)
simulation: the evolution under coherent noise
is tracked in the sparse expanded basis, with
truncation cutoff e = 104,

The results show a striking qualitative difference.
Whereas PTA predicts a threshold at a physical error
rate of approximately tppsr ~ 0.0034, the full PFSR
simulation yields a significantly lower threshold tppsr ~
0.0009, a reduction by almost a factor of 4.

This discrepancy persists across distances and is already
visible at moderate code sizes d = 5 and d = 7, where
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FIG. 11. Logical error rate for the rotated surface code
against unitary coherent noise Rz(€) at the circuit level. Solid
curves with triangles correspond to truncated simulation of
coherent noise using the Pauli Frame Sparse Representation,
while dashed curves with squares correspond to the Pauli-
twirled approximation simulated with Stim. Thresholds are
indicated by the vertical dashed lines and are found to be
tprsr ~ 0.0009 and tpra ~ 0.0034.

truncation effects remain negligible. For d = 9, the onset
of deviation between PFSR curves and expected scaling
behavior suggests that the truncation threshold begins
to limit accuracy. Nonetheless, the qualitative trend
remains consistent: PTA systematically overestimates
error-correcting performance in the presence of coherent
rotations.

V. SIMULATING MAGIC STATE
CULTIVATION

Beyond threshold estimation for surface codes, the
PFSR-based simulator is well suited for analyzing near-
Clifford circuits that incorporate non-Clifford resources
in a structured way. As a representative and practically
relevant example, we consider the magic-state cultivation
circuit introduced by Gidney in Ref. [31]. In that work,
the logical error rate per accepted shot is estimated for
the injection and cultivation procedure at a distance
d = 3, using both T gate and S gate implementations.
Gidney conjectures that the logical error rate associated
with T gates is approximately twice that of S gates, but
notes that verifying this conjecture at larger distances
(e.g., d = 5) is computationally prohibitive due to the
number of qubits and the non-Clifford gates. In this
section, we leverage the efficiency of the PFSR-based
simulator to extend this analysis to larger code distances
and directly test this conjecture.
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A. Injection and cultivation circuit

We simulate the magic-state injection and cultivation
circuits at distances d = 3 and d = 5, following
the construction introduced by Gidney. The circuits
include both the injection stage and the cultivation
protocol, but not the escape stage. Compared to the
reference implementation provided in Gidney’s code, two
modifications are required. First, as noted in the erratum
of Ref. [31], the double-check stage at distance d = 5 is no
longer trivially transversal due to the non-transversality
of the Hxy operation. We therefore incorporate the
corresponding Pauli corrections directly into the layers of
T and TT gates in the double-check procedure. Second,
the original implementation does not include real-time
Pauli frame updates during the growth step to restore
newly measured stabilizers to the +1 eigenvalue. In our
simulations, these corrections are applied dynamically,
yielding a fully fault-tolerant circuit-level model.

The cultivation circuit provides a particularly natural
benchmark for the PFSR framework. Although it
contains non-Clifford resources, the circuit remains
predominantly near-Clifford: the system leaves the code
space only briefly during the double-check stage, and
quickly returns to a stabilizer-dominated description. In
our simulations, the PFSR expansion remains extremely
sparse for most of the circuit execution, with the number
of Pauli-frame terms typically remaining at two and
peaking at 1024 terms only between the two non-Clifford
layers of the double-check stage at d = 5. This structure
makes the cultivation protocol an ideal stress test for
near-Clifford simulation methods. Table I gives further
information on the type and the number of gates and
noisy locations in each circuit.

[ Metric d=13d=5

Total qubits 15 42

Total gates (incl. measurements and resets) 137 741
Two-qubit gates 81 477

T/TT gates 15 53

Measurements 14 93

Resets 27 118

Noise channels 504 3471

TABLE 1. Statistics of the different types of gate in the
cultivation circuits. Errors on measurements are not included
in the noise channel counts, so the cultivation circuits have
in total 518 (for d = 3) and 3564 (for d = 5) potentially
faulty locations. Note that during Monte Carlo simulations,
we perform an extra round of perfect measurement of the
stabilizers and of the logical Hxy, which are not accounted
for in the above table.



B. Importance sampling for Monte Carlo
simulations

At distance d = 5 and for relevant noise levels
(around p = 1073), we expect logical error rates
per accepted shot to be of the order of 107, while
the discard rate can be mnear 90%. A brute-force
Monte Carlo approach would therefore require on the
order of hundreds of billions of circuit executions per
noise value to obtain statistically meaningful estimates,
rendering direct simulation extremely resource-heavy.
This motivates us to employ an importance-sampling
strategy inspired by some previous works on quantum
error correction, such as [50, 51] where sampling is done
over the number of faults or [52, 53] where sampling is
directly done over the possible syndromes. Importance
sampling over fault subsets allows us to target the rare
fault configurations that actually contribute to logical
failures, reducing the required number of samples by
several orders of magnitude and making circuit-level
studies of cultivation protocols all the more efficient.

In the injection and cultivation circuits, all sources of
error are represented by a bit-fip channel, a phase-flip
channel, a depolarizing channel or a noisy measurement.
All those faulty locations event share the same physical
error probability p. Hence, we enumerate the np
potentially faulty locations in the circuit, and for each
of them, a fault happens with probability p, meaning
that the probability of having exactly k faults in a circuit
execution is

P(k) = (”kL) (1—p)"Fp* (51)

and for any event (in our case a logical error happening
with the shot being kept, but it could be something else
like the shot being discarded), we have

nr

Dtail = Z P(k)ptait|, (52)
k=0

where pg,ix is the conditional probability of a logical
failure given exactly k faults.

In practice, we estimate the conditional probabilities
Praitlj by Monte Carlo sampling circuits with exactly k
injected faults. Let N, denote the number of samples
taken at fault number k, and let Nlifaﬂ) denote the
number of samples in which a logical failure occurs. We
then form the estimator

N[gfail)

Praillk = N, (53)

The overall error probability is estimated as

nL
Prait = Y, P(k) Drait (54)
k=0
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which is an unbiased estimator of pga;;-

This procedure can be viewed as a form of subset
importance sampling, where the sample space is
partitioned according to the number of faults. Instead of
drawing circuits from the physical distribution of faults,
which would overwhelmingly produce low-weight fault
configurations, we explicitly condition on a fixed number
of faults and reweight by the binomial factor P(k). This
allows us to efficiently probe the rare, high-weight fault
configurations that dominate logical failure events.

This approach offers several advantages. First, the
quantities pr,j, are independent of the physical noise
rate p, allowing a single set of simulations to generate
logical error-rate curves over a wide range of noise
parameters.  Second, for a distance-d fault-tolerant
protocol operating on post-selection, any set of fewer
than d faults is either detected and discarded or accepted
without any logical errors. Therefore, pga ), = 0 for k <
d, and the logical error probability is supported only on
subsets with k£ > d. This property further concentrates
the effective probability mass and justifies focusing
computational effort on a narrow range of k values
above d, as contributions from large k£ are exponentially
suppressed at low p. Third, while the variance of a brute-
force Monte Carlo estimator is dominated by the rarity
of logical failures, subset sampling decouples the rarity
of faults from the rarity of logical failures conditioned
on those faults. By allocating sampling effort to values
of k for which P(k)pgai i is non-negligible, the estimator
variance given as

" Praitlk (1 — Peait|)
V. ail) = P(k)>—2 55
ar(Prai) = »_ P(k) N (55)
k>d
is reduced by several orders of magnitude.
These advantages are illustrated in Fig. 12. Fig. 12-

a) shows both the probability distribution P(k) of the
number of faults and the logical failure rate per shot
conditioned on said number of faults pg.yp. We can
notice that as expected, no error can happen when we
have k < d faults in the circuit. This is due to the
fault tolerant nature of the protocol, and means that no
contribution to the variance will come from values k& < d.
Fig. 12-b) shows the contribution of each number of faults
k to the total error rate, for different noise values p. At
lower noise levels, the majority of the contributions come
from the first few values of k£ above d, and focusing our
efforts on these most relevant numbers of faults will yield
good results. From this graph, we can see that focusing
on 3 < k < 16 is more than enough.

In practice, we choose the number of samples Nj
adaptively, allocating more samples to values of k for
which P(k)pg.ir contributes significantly to the total
probability. For the d = 5 cultivation circuit, this leads
us to concentrate sampling effort on £k = 5,6,7,8,9,
while higher-weight subsets contribute negligibly at the
physical error rates of interest. This strategy yields
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FIG. 12. For a): the left axis shows distribution of probability
of the number of faults in the cultivation circuit for d = 3, for
two values of noise p = 1072 and p = 1072, On the right axis:
probability of getting a logical error while keeping the shot,
conditioned by the number of faults k. Sub-figure b) shows
the contribution P(k)pfaillk to the total probability p.n of
keeping a shot and getting a logical error, for different noise
values.

accurate logical error estimates with computational
costs several orders of magnitude lower than brute-
force sampling. In contrast, estimating the discard rate
requires sampling a broader range of k, although far fewer
samples are needed per subset (a brute force approach is
also perfectly fine to estimate the discard rate as it is
note a rare event).

C. Results

Using this framework, we are able to extend Gidney’s
original analysis to distance d = 5 and directly test the
conjectured relationship between 7- and S-gate logical
error rates.

In Fig. 13 we show the error rate of the magic state
cultivation protocol, obtained via importance sampling
on the number of faults. In particular, we can observe in
Fig. 13-b) that the discrepancy between the error rates
of the |T') state and S state injections become larger at
d = 5. We observe a factor as large as 7, compared to
the factor 2 observed at d = 3.

We would like to highlight that this importance sampling
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FIG. 13. Logical error rate of the magic state cultivation
protocol for d = 3 in a) and d = 5 in b), cultivating T states
(red) and S states (blue). In both subfigures, the logical
error rate was determined via importance sampling. In a),
we sampled over all numbers of fault from & = 3 to k = 16,
using around 7.5 x 10° shots per value of k, detecting between
3 and 31 logical errors depending on the value of k. In b), we
sampled over k = 5,6,7,8,9, using between 10° and 4 x 10°
shots, detecting between 1 and 4 fault events for each value
of k.

approach becomes increasingly interesting the lower the
physical error rate goes. Indeed, as the physical error
rate diminished, the contributions to the logical error rate
become increasingly dominated by the lower number of
faults that can lead to logical failure, so in our case k = d.
This allows us to compute the logical error rate for noises
as low as we wish with only a few billion shots, while a
brute force would require an unattainably high number
of shots, for example more than 10'3 at p = 1074,

During the preparation of this manuscript, we were
made aware of another work that aims to compute the
logical error rate of the cultivation protocol at d =
5 [54], using the same type of sparse representation
up to minor differences (such as keeping track of a
destabilizer tableau in addition to the stabilizer tableau).
We observe that the logical error rates we computed
using importance sampling are in agreement with the
brute-force calculations in Table 1 of [54], but with the
main advantage that our importance sampling strategy
requires only a few billions of shots for all noise values



up to p = 2 x 102, while [7] uses tens to hundreds of
billions of shots per noise value.

VI. CONCLUSION

In this work, we introduced the Pauli Frame Sparse
Representation (PFSR) as a flexible and efficient tool
for simulating near-Clifford quantum circuits under
realistic noise models. The PFSR provides a compact
representation that captures the action of general noise
channels—including those far from Pauli or stochastic
form—while remaining compatible with stabilizer-based
simulation techniques. Because it preserves the structure
of near-Clifford circuits without forcing a Pauli-twirl or
a purely stochastic approximation, the PFSR bridges
the gap between fully general noise descriptions and
efficient classical simulation. This makes it well suited
not only for modeling non-Pauli physical noise but also
for analyzing circuits whose dynamics remain close to the
Clifford stabilizer regime.

We demonstrated the usefulness of this framework
through a detailed study of coherent error models,
where the PFSR retains the leading-order coherent
contributions that are suppressed by Pauli-twirled
approximations. Using the rotated surface code as a
testbed, we showed that this representation captures
differences between the exact coherent channel and
its twirled surrogate, particularly at small distances
where the scaling mismatch between coherent and
stochastic error components is most pronounced. While
our phenomenological-level threshold estimates align
with trends reported in prior work, our circuit-level
investigation reveals a far more pronounced discrepancy:
the exact coherent-noise threshold is nearly four times
lower than the value predicted by the Pauli-twirled
approximation, underscoring the importance of retaining
non-Pauli structure when analyzing full fault-tolerant
circuits.

Thanks to the PFSR, we were also able to compute
the error thresholds of the recently introduced magic
state cultivation protocol for up to distance d = 5
with unprecedented shot efficiency. This allowed us
to shed light on the quantitative different between the
threshold obtained for S-state cultivation and for T-state
cultivation.
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Appendix A: Performing projections on
anticommuting Pauli eigenspace

1. Computation of the Clifford U

Let us consider a set of n — 1 stabilizer generators S;, for
0<i<mn-—1(the Slf# in the main text), and two other
Paulis A and B (respectively S, and P in the main text),
all independent, such that all the S; commute with each
other and with A and B, and with {A, B} = 0. Our goal
is to find a Clifford U such that

Us,ut =z,
UBU' = Z, (A1)
UAU' = X,,.

We will do so by performing a Gaussian elimination
on the symplectic representation of the Pauli operators,
while also keeping track of the phases. We will write a
Pauli 0 € P, as

n
o =i [ z#+x*
k=1

(A2)

and represent it as a vector (zl,...zmxl,...wmq) €
{0,1}*>" x {0,1,2,3}. We can then represent
(S1,..,Sn—1,B,A) (in that order) by a matrix of size
(n+1)x(2n+1), and our goal is to perform only Clifford
operations to reduce it to the matrix

100 --00--00
010 0000
(A3)
00 100
00 000--10

The algorithm is as follow:

1. First, reduce the first i« < n rows to Z;. For each
row R;, i < n do the following:

(a) Set a pivot z; = 1. If z; = 0, attempt the
following in that order until one works:
o If x; =1, apply H;
e If not, find a j > ¢ with z; = 1, and apply
CNOT,;

(b) Now that we have z; = 1, use it to suppress all
the other z; and ;. Foreach 0 < j < n,j # 1,
do in that order:

o if z; =1, apply CNOT,_,;
o if z; =1, apply H; then CNOT;_;

(c) Now that all z; = 0 and z; = 0, check if z; =
1. If so, set it to zero by applying H;S;H;

(d) We might still have a phase ¢ = 2, in this case,
cancel it by applying X;



2. Now that the first n rows are set to Z;, we need to
set the last row to X,,.

(a) Since our Paulis are all independent, the last
qubit on the last row cannot be I. We then
set our pivot z,_1 = 1 by doing the following:

elfz, 1=1and x,_1 =1, apply S,—1
elfz, 1=1and x,_1 =0, apply H,_1

(b) Then go over the other qubits 0 < j <n —1,
and get rid of the remaining z; = 1 and z; = 1
by doing in that order:

o if x; =1, apply CNOT,,_1,;

o if zZj = 1, apply Hj CNOTnflﬁj Hj
(this will not undo our efforts on the row
R; above since conjugation by H; will
turn Z; into X;, so CNOT,,_;_,; will do
nothing and the second Hadamard will
send it back to Z;)

(c) Perform a last check to see if z,—1 = 1. If so,
apply S)_,

(d) Finally, check the phase on the last row. If we
still have a phase ¢ = 2, cancel it by applying
anl

This algorithm gives us the sequence of Clifford operation
that composed together form the Clifford U we are
looking for.

2. Update rule for Pauli history

Once we are equipped with a Clifford U performing the
desired mapping, let us show how to update our Pauli
histories. For a given Pauli history Ps, our goal is to
express the projected basis ket 111 Ps |0) as a single Pauli
history in the new stabilizer frame {Si,...,S,_1, B} (we
can always reorder our stabilizers to have B last). We
have

I+B

1
1_[:N:PS |O> 7P |0> Ps|0>+§BPs|O>' (A4)

Let us first look at what happens to Ps|0). We have

PI:UPSUT: Pclsc ®Pn
~—~—

n—1 qubits

(A5)

10)¥""' @ |+) in the computational basis,
Snfla A}

and U |0) =
since U maps the old stabilizer frame {5, ...,
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to {Z1,..., Zn—1,X,}. Hence, we have
PSIU|O> ( elbe®P )|O>®n ! ® |+>
( else ‘O>®n 1) (Pn |+>)
®Rn—1
= (Pac 0O @O )
= (Peise [0)77 ) @ (a|0) + BX|0))
=[P

else (a[ + 5X)] |0>®”
= (Pagse @ 1) [0)®"™ + B(Parse ® X) |0)™

so multiplying by UT to the left gives (using the fact that
0" = U|0’> since U maps the new stabilizer frame

{Sl, n 1,B} to {Zl, ...,Zn_l,Zn})Z
P, |0>—aUT< Pose @ DU |0") + BUT(Pose ® X)U |0') .
N———— N———

Q1 Q2
(A7)
Now what happens for the other part of the projector,
BP, 7 We have

UBP,U" = UBU'UP,U" = Z,P. = Puse ® (Z,P,)
(A8)
so we get
(BP:)'U|0) = (Petse © (ZuP0)) [0)" " @ | +)
( else |0>®n 1) ® (ZnPn |+>)
= (Puse [0)°" 1) @ (@ ]0) = B1))
a(Pelse®I)|O> B( else®X) |0>
(A9)
which gives
BPs|0) = aQ1(0") — Q2 [0). (A10)

Subsequently, when applying the full projector, we get

a@q for T4

BQs for TI_ (ALL)

1. P, |0) = {

showing the result of Eq. (37) of the main text.

Appendix B: Stabilizer channel decomposition
1. Amplitude damping noise

In its stabilizer channel decomposition [32], the
amplitude damping noise channel is expressed as a linear
combination of 3 channels:

5:q11+qZZ+qRRz, (Bl)

where q; = a- W) 1~y , 4z = (1= 7) — and ¢p = 7.

I is the identity channel Z is the Z channel and R, is




the reset channel, corresponding to a measurement of the
qubit in the Z basis, and the application of an X gate if
the eigenvalue —1 is measured.

An advantage of this decomposition is that the channels
I and Z are Paulis channels, and the reset is simply a
measurement followed by a Pauli, so none of them will
increase the number of populated basis kets of a PFSR.

However, this decomposition carries a significant
drawback, as the coefficient ¢z is negative, approximately
qz =~ —7 for v < 1. This implies that the ¢;s only form
a quasiprobability distribution, with q; + qz + qr = 1.
Hence, we will need to renormalize this quasiprobability
distribution, to obtain probabilities between 0 and 1,

defined as p; = Zlqir‘l - Because of this renormalization,
5 1495

the statistical variance will increase exponentially with
the negativity of our decomposition, which is the total
magnitude of the negative coefficients, n = >°  _olq;|-
This implies that as we increase the number of noise
channels we apply, we will need to exponentially increase
the number of shots to maintain a constant variance.
This method is then only viable for a relatively low
number of amplitude damping noise channels with v <<
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2. Coherent noise

Just like with amplitude damping noise, it is possible
to use stabilizer channel decomposition to express this
unitary channel as a linear combination of other channels
that are easier to simulate. Here, the decomposition is

E=qil+qzZ + qs8, (B2)

14cos 0—sin @ 1—cos—sin @

where q; = 5 ,qz = and gg = sin 6.
I is the identity channel, Z is the Z channel, and S is the
S channel, which is simply the application of an S gate.

This method carries the same advantages and drawbacks
as with amplitude damping noise, with all the channels
being Clifford operations. However, the coefficient g is
negative, approximately ¢z ~ —g for 8 << 1, leading to
the same exponential increase in the number of shots if
we wish to maintain the variance under control.

[1] Nissim Ofek, Andrei Petrenko, Reinier Heeres, Philip
Reinhold, Zaki Leghtas, Brian Vlastakis, Yehan Liu,
Luigi Frunzio, S. M. Girvin, L. Jiang, Mazyar Mirrahimi,
M. H. Devoret, and R. J. Schoelkopf. Extending
the lifetime of a quantum bit with error correction in
superconducting circuits. Nature, 536(7617):441-445,
Aug 2016.

[2] Frank Arute, Kunal Arya, Ryan Babbush, Dave Bacon,
Joseph C. Bardin, Rami Barends, Rupak Biswas,
Sergio Boixo, Fernando G. S. L. Brandao, David A.
Buell, Brian Burkett, Yu Chen, Zijun Chen, Ben
Chiaro, Roberto Collins, William Courtney, Andrew
Dunsworth, Edward Farhi, Brooks Foxen, Austin
Fowler, Craig Gidney, Marissa Giustina, Rob Graff,
Keith Guerin, Steve Habegger, Matthew P. Harrigan,
Michael J. Hartmann, Alan Ho, Markus Hoffmann,
Trent Huang, Travis S. Humble, Sergei V. Isakov,
Evan Jeffrey, Zhang Jiang, Dvir Kafri, Kostyantyn
Kechedzhi, Julian Kelly, Paul V. Klimov, Sergey Knysh,
Alexander Korotkov, Fedor Kostritsa, David Landhuis,
Mike Lindmark, Erik Lucero, Dmitry Lyakh, Salvatore
Mandra, Jarrod R. McClean, Matthew McEwen,
Anthony Megrant, Xiao Mi, Kristel Michielsen, Masoud
Mohseni, Josh Mutus, Ofer Naaman, Matthew Neeley,
Charles Neill, Murphy Yuezhen Niu, Eric Ostby, Andre
Petukhov, John C. Platt, Chris Quintana, Eleanor G.
Rieffel, Pedram Roushan, Nicholas C. Rubin, Daniel
Sank, Kevin J. Satzinger, Vadim Smelyanskiy, Kevin J.
Sung, Matthew D. Trevithick, Amit Vainsencher,
Benjamin Villalonga, Theodore White, Z. Jamie Yao,
Ping Yeh, Adam Zalcman, Hartmut Neven, and John M.
Martinis. Quantum supremacy using a programmable
superconducting processor. Nature, 574(7779):505-510,
Oct 2019.

[3] Zijun Chen, Kevin J. Satzinger, Juan Atalaya,
Alexander N. Korotkov, Andrew Dunsworth, Daniel
Sank, Chris Quintana, Matt McEwen, Rami Barends,
Paul V. Klimov, Sabrina Hong, Cody Jones, Andre
Petukhov, Dvir Kafri, Sean Demura, Brian Burkett,
Craig Gidney, Austin G. Fowler, Alexandru Paler,
Harald Putterman, Igor Aleiner, Frank Arute, Kunal
Arya, Ryan Babbush, Joseph C. Bardin, Andreas
Bengtsson, Alexandre Bourassa, Michael Broughton,
Bob B. Buckley, David A. Buell, Nicholas Bushnell,
Benjamin Chiaro, Roberto Collins, William Courtney,
Alan R. Derk, Daniel Eppens, Catherine Erickson,
Edward Farhi, Brooks Foxen, Marissa Giustina, Ami
Greene, Jonathan A. Gross, Matthew P. Harrigan,
Sean D. Harrington, Jeremy Hilton, Alan Ho, Trent
Huang, William J. Huggins, L. B. Ioffe, Sergei V. Isakov,
Evan Jeffrey, Zhang Jiang, Kostyantyn Kechedzhi,
Seon Kim, Alexei Kitaev, Fedor Kostritsa, David
Landhuis, Pavel Laptev, Erik Lucero, Orion Martin,
Jarrod R. McClean, Trevor McCourt, Xiao Mi,
Kevin C. Miao, Masoud Mohseni, Shirin Montazeri,
Wojciech Mruczkiewicz, Josh Mutus, Ofer Naaman,
Matthew Neeley, Charles Neill, Michael Newman,
Murphy Yuezhen Niu, Thomas E. O’Brien, Alex
Opremcak, Eric Ostby, Balint Pato, Nicholas Redd,
Pedram Roushan, Nicholas C. Rubin, Vladimir Shvarts,
Doug Strain, Marco Szalay, Matthew D. Trevithick,
Benjamin Villalonga, Theodore White, Z. Jamie Yao,
Ping Yeh, Juhwan Yoo, Adam Zalcman, Hartmut
Neven, Sergio Boixo, Vadim Smelyanskiy, Yu Chen,
Anthony Megrant, Julian Kelly, and Google Quantum
Al. Exponential suppression of bit or phase errors with
cyclic error correction. Nature, 595(7867):383-387, Jul
2021.



(4]

5]

(6]

(7]

18]

(9]

[10]

[11]

Laird Egan, Dripto M. Debroy, Crystal Noel, Andrew
Risinger, Daiwei Zhu, Debopriyo Biswas, Michael
Newman, Muyuan Li, Kenneth R. Brown, Marko Cetina,
and Christopher Monroe. Fault-tolerant control of an
error-corrected qubit. Nature, 598(7880):281-286, Oct
2021.

M. H. Abobeih, Y. Wang, J. Randall, S. J. H. Loenen,
C. E. Bradley, M. Markham, D. J. Twitchen, B. M.
Terhal, and T. H. Taminiau. Fault-tolerant operation of
a logical qubit in a diamond quantum processor. Nature,
606(7916):884-889, Jun 2022.

Sebastian Krinner, Nathan Lacroix, Ants Remm,
Agustin Di Paolo, Elie Genois, Catherine Leroux,
Christoph ~ Hellings, Stefania  Lazar, Francois
Swiadek, Johannes Herrmann, Graham J. Norris,
Christian Kraglund Andersen, Markus Miiller, Alexandre
Blais, Christopher FEichler, and Andreas Wallraff.
Realizing repeated quantum error correction in a
distance-three surface code. Nature, 605(7911):669-674,
May 2022.

Youwei Zhao, Yangsen Ye, He-Liang Huang, Yiming
Zhang, Dachao Wu, Huijie Guan, Qingling Zhu, Zuolin
Wei, Tan He, Sirui Cao, Fusheng Chen, Tung-Hsun
Chung, Hui Deng, Daojin Fan, Ming Gong, Cheng Guo,
Shaojun Guo, Lianchen Han, Na Li, Shaowei Li, Yuan Li,
Futian Liang, Jin Lin, Haoran Qian, Hao Rong, Hong Su,
Lihua Sun, Shiyu Wang, Yulin Wu, Yu Xu, Chong Ying,
Jiale Yu, Chen Zha, Kaili Zhang, Yong-Heng Huo, Chao-
Yang Lu, Cheng-Zhi Peng, Xiaobo Zhu, and Jian-Wei
Pan. Realization of an error-correcting surface code with
superconducting qubits. Phys. Rev. Lett., 129:030501,
Jul 2022.

Dolev Bluvstein, Simon J. Evered, Alexandra A. Geim,
Sophie H. Li, Hengyun Zhou, Tom Manovitz, Sepehr
Ebadi, Madelyn Cain, Marcin Kalinowski, Dominik
Hangleiter, J. Pablo Bonilla Ataides, Nishad Maskara,
Iris Cong, Xun Gao, Pedro Sales Rodriguez, Thomas
Karolyshyn, Giulia Semeghini, Michael J. Gullans,
Markus Greiner, Vladan Vuleti¢, and Mikhail D. Lukin.
Logical quantum processor based on reconfigurable atom
arrays. Nature, 626(7997):58-65, feb 2024.

V. V. Sivak, A. Eickbusch, B. Royer, S. Singh,
I. Tsioutsios, S. Ganjam, A. Miano, B. L. Brock, A. Z.
Ding, L. Frunzio, S. M. Girvin, R. J. Schoelkopf, and
M. H. Devoret. Real-time quantum error correction
beyond break-even. Nature, 616(7955):50-55, Apr 2023.
M. P. da Silva, C. Ryan-Anderson, J. M. Bello-Rivas,
J. P. Campora, A. Chernoguzov, J. M. Dreiling, C. Foltz,
F. Frachon, J. P. Gaebler, T. M. Gatterman, L. Grans-
Samuelsson, D. Gresh, D. Hayes, N. Hewitt, C. Holliman,
C. V. Horst, J. Johansen, D. Lucchetti, Y. Matsuoka,
M. Mills, S. A. Moses, B. Neyenhuis, A. Paz, J. Pino,
P. Siegfried, A. Sundaram, D. Tom, S. J. Wernli,
M. Zanner, R. P. Stutz, and K. M. Svore. Demonstration
of logical qubits and repeated error correction with
better-than-physical error rates. pages 1-13, apr 2024.
C. Ryan-Anderson, N. C. Brown, C. H. Baldwin, J. M.
Dreiling, C. Foltz, J. P. Gaebler, T. M. Gatterman,
N. Hewitt, C. Holliman, C. V. Horst, J. Johansen,
D. Lucchetti, T. Mengle, M. Matheny, Y. Matsuoka,
K. Mayer, M. Mills, S. A. Moses, B. Neyenhuis, J. Pino,
P. Siegfried, R. P. Stutz, J. Walker, and D. Hayes. High-
fidelity teleportation of a logical qubit using transversal
gates and lattice surgery. Science, 385(6715):1327-1331,

[12]

22

2024.

Rajeev Acharya, Dmitry A. Abanin, Laleh Aghababaie-
Beni, Igor Aleiner, Trond I. Andersen, Markus Ansmann,
Frank Arute, Kunal Arya, Abraham Asfaw, Nikita
Astrakhantsev, Juan Atalaya, Ryan Babbush, Dave
Bacon, Brian Ballard, Joseph C. Bardin, Johannes
Bausch, Andreas Bengtsson, Alexander Bilmes, Sam
Blackwell, Sergio Boixo, Gina Bortoli, Alexandre
Bourassa, Jenna Bovaird, Leon Brill, Michael Broughton,
David A. Browne, Brett Buchea, Bob B. Buckley,
David A. Buell, Tim Burger, Brian Burkett, Nicholas
Bushnell, Anthony Cabrera, Juan Campero, Hung-Shen
Chang, Yu Chen, Zijun Chen, Ben Chiaro, Desmond
Chik, Charina Chou, Jahan Claes, Agnetta Y. Cleland,
Josh Cogan, Roberto Collins, Paul Conner, William
Courtney, Alexander L. Crook, Ben Curtin, Sayan Das,
Alex Davies, Laura De Lorenzo, Dripto M. Debroy,
Sean Demura, Michel Devoret, Agustin Di Paolo, Paul
Donohoe, Ilya Drozdov, Andrew Dunsworth, Clint Earle,
Thomas Edlich, Alec Eickbusch, Aviv Moshe Elbag,
Mahmoud Elzouka, Catherine Erickson, Lara Faoro,
Edward Farhi, Vinicius S. Ferreira, Leslie Flores Burgos,
Ebrahim Forati, Austin G. Fowler, Brooks Foxen,
Suhas Ganjam, Gonzalo Garcia, Robert Gasca, Elie
Genois, William Giang, Craig Gidney, Dar Gilboa, Raja
Gosula, Alejandro Grajales Dau, Dietrich Graumann,
Alex Greene, Jonathan A. Gross, Steve Habegger, John
Hall, Michael C. Hamilton, Monica Hansen, Matthew P.
Harrigan, Sean D. Harrington, Francisco J. H. Heras,
Stephen Heslin, Paula Heu, Oscar Higgott, Gordon
Hill, Jeremy Hilton, George Holland, Sabrina Hong,
Hsin-Yuan Huang, Ashley Huff, William J. Huggins,
Lev B. loffe, Sergei V. Isakov, Justin Iveland, Evan
Jeffrey, Zhang Jiang, Cody Jones, Stephen Jordan,
Chaitali Joshi, Pavol Juhas, Dvir Kafri, Hui Kang,
Amir H. Karamlou, Kostyantyn Kechedzhi, Julian
Kelly, Trupti Khaire, Tanuj Khattar, Mostafa Khezri,
Seon Kim, Paul V. Klimov, Andrey R. Klots, Bryce
Kobrin, Pushmeet Kohli, Alexander N. Korotkov,
Fedor Kostritsa, Robin Kothari, Borislav Kozlovskii,
John Mark Kreikebaum, Vladislav D. Kurilovich, Nathan
Lacroix, David Landhuis, Tiano Lange-Dei, Brandon W.
Langley, Pavel Laptev, Kim-Ming Lau, Loick Le Guevel,
Justin Ledford, Joonho Lee, Kenny Lee, Yuri D.
Lensky, Shannon Leon, Brian J. Lester, Wing Yan
Li, Yin Li, Alexander T. Lill, Wayne Liu, William P.
Livingston, Aditya Locharla, FErik Lucero, Daniel
Lundahl, Aaron Lunt, Sid Madhuk, Fionn D. Malone,
Ashley Maloney, Salvatore Mandra, James Manyika,
Leigh S. Martin, Orion Martin, Steven Martin, Cameron
Maxfield, Jarrod R. McClean, Matt McEwen, Seneca
Meeks, Anthony Megrant, Xiao Mi, Kevin C. Miao,
Amanda Mieszala, Reza Molavi, Sebastian Molina, Shirin
Montazeri, Alexis Morvan, Ramis Movassagh, Wojciech
Mruczkiewicz, Ofer Naaman, Matthew Neeley, Charles
Neill, Ani Nersisyan, Hartmut Neven, Michael Newman,
Jiun How Ng, Anthony Nguyen, Murray Nguyen, Chia-
Hung Ni, Murphy Yuezhen Niu, Thomas E. O’Brien,
William D. Oliver, Alex Opremcak, Kristoffer Ottosson,
Andre Petukhov, Alex Pizzuto, John Platt, Rebecca
Potter, Orion Pritchard, Leonid P. Pryadko, Chris
Quintana, Ganesh Ramachandran, Matthew J. Reagor,
John Redding, David M. Rhodes, Gabrielle Roberts,
Eliott Rosenberg, Emma Rosenfeld, Pedram Roushan,



[13]

[14]

Nicholas C. Rubin, Negar Saei, Daniel Sank, Kannan
Sankaragomathi, Kevin J. Satzinger, Henry F. Schurkus,
Christopher Schuster, Andrew W. Senior, Michael J.
Shearn, Aaron Shorter, Noah Shutty, Vladimir Shvarts,
Shraddha Singh, Volodymyr Sivak, Jindra Skruzny,
Spencer Small, Vadim Smelyanskiy, W. Clarke Smith,
Rolando D. Somma, Sofia Springer, George Sterling,
Doug Strain, Jordan Suchard, Aaron Szasz, Alex Sztein,
Douglas Thor, Alfredo Torres, M. Mert Torunbalci,
Abeer Vaishnav, Justin Vargas, Sergey Vdovichev,
Guifre Vidal, Benjamin Villalonga, Catherine Vollgraff
Heidweiller, Steven Waltman, Shannon X. Wang,
Brayden Ware, Kate Weber, Travis Weidel, Theodore
White, Kristi Wong, Bryan W. K. Woo, Cheng Xing,
Z. Jamie Yao, Ping Yeh, Bicheng Ying, Juhwan Yoo,
Noureldin Yosri, Grayson Young, Adam Zalcman, Yaxing
Zhang, Ningfeng Zhu, Nicholas Zobrist, Google Quantum
Al and Collaborators. Quantum error correction below
the surface code threshold. Nature, 638(8052):920-926,
Feb 2025.

Harald Putterman, Kyungjoo Noh, Connor T. Hann,
Gregory S. MacCabe, Shahriar Aghaeimeibodi, Rishi N.
Patel, Menyoung Lee, William M. Jones, Hesam
Moradinejad, Roberto Rodriguez, Neha Mahuli,
Jefferson Rose, John Clai Owens, Harry Levine,
Emma Rosenfeld, Philip Reinhold, Lorenzo Moncelsi,
Joshua Ari Alcid, Nasser Alidoust, Patricio Arrangoiz-
Arriola, James Barnett, Przemyslaw Bienias, Hugh A.
Carson, Cliff Chen, Li Chen, Harutiun Chinkezian,
Eric M. Chisholm, Ming-Han Chou, Aashish Clerk,
Andrew Clifford, R. Cosmic, Ana Valdes Curiel,
Erik Davis, Laura DeLorenzo, J. Mitchell D’Ewart,
Art Diky, Nathan D’Souza, Philipp T. Dumitrescu,
Shmuel Eisenmann, Essam Elkhouly, Glen Evenbly,
Michael T. Fang, Yawen Fang, Matthew J. Fling,
Warren Fon, Gabriel Garcia, Alexey V. Gorshkov,
Julia A. Grant, Mason J. Gray, Sebastian Grimberg,
Arne L. Grimsmo, Arbel Haim, Justin Hand, Yuan
He, Mike Hernandez, David Hover, Jimmy S. C. Hung,
Matthew Hunt, Joe Iverson, Ignace Jarrige, Jean-
Christophe Jaskula, Liang Jiang, Mahmoud Kalaee,
Rassul Karabalin, Peter J. Karalekas, Andrew J.
Keller, Amirhossein Khalajhedayati, Aleksander Kubica,
Hanho Lee, Catherine Leroux, Simon Lieu, Victor Ly,
Keven Villegas Madrigal, Guillaume Marcaud, Gavin
McCabe, Cody Miles, Ashley Milsted, Joaquin Minguzzi,
Anurag Mishra, Biswaroop Mukherjee, Mahdi Naghiloo,
Eric Oblepias, Gerson Ortuno, Jason Pagdilao, Nicola
Pancotti, Ashley Panduro, J. P. Paquette, Minje Park,
Gregory A. Peairs, David Perello, Eric C. Peterson,
Sophia Ponte, John Preskill, Johnson Qiao, Gil Refael,
Rachel Resnick, Alex Retzker, Omar A. Reyna, Marc
Runyan, Colm A. Ryan, Abdulrahman Sahmoud,
Ernesto Sanchez, Rohan Sanil, Krishanu Sankar, Yuki
Sato, Thomas Scaffidi, Salome Siavoshi, Prasahnt
Sivarajah, Trenton Skogland, Chun-Ju Su, Loren J.
Swenson, Stephanie M. Teo, Astrid Tomada, Giacomo
Torlai, E. Alex Wollack, Yufeng Ye, Jessica A. Zerrudo,
Kailing Zhang, Fernando G. S. L. Brandao, Matthew H.
Matheny, and Oskar Painter. Hardware-efficient
quantum error correction via concatenated bosonic
qubits. Nature, 638(8052):927-934, Feb 2025.

Emma Rosenfeld, Craig Gidney, Gabrielle Roberts,
Alexis Morvan, Nathan Lacroix, Dvir Kafri, Jeffrey

23

Marshall, Ming Li, Volodymyr Sivak, Dmitry Abanin,
Amira Abbas, Rajeev Acharya, Laleh Aghababaie Beni,
Georg Aigeldinger, Ross Alcaraz, Sayra Alcaraz, Trond I.
Andersen, Markus Ansmann, Frank Arute, Kunal Arya,
Walt Askew, Nikita Astrakhantsev, Juan Atalaya, Ryan
Babbush, Brian Ballard, Joseph C. Bardin, Hector Bates,
Andreas Bengtsson, Majid Bigdeli Karimi, Alexander
Bilmes, Simon Bilodeau, Felix Borjans, Jenna Bovaird,
Dylan Bowers, Leon Brill, Peter Brooks, Michael
Broughton, David A. Browne, Brett Buchea, Bob B.
Buckley, Tim Burger, Brian Burkett, Nicholas Bushnell,
Jamal Busnaina, Anthony Cabrera, Juan Campero,
Hung-Shen Chang, Silas Chen, Zijun Chen, Ben Chiaro,
Liang-Ying Chih, Agnetta Y. Cleland, Bryan Cochrane,
Matt Cockrell, Josh Cogan, Paul Conner, Harold Cook,
Rodrigo G. Cortifias, William Courtney, Alexander L.
Crook, Ben Curtin, Martin Damyanov, Sayan Das,
Dripto M. Debroy, Sean Demura, Paul Donohoe, Ilya
Drozdov, Andrew Dunsworth, Valerie Ehimhen, Alec
Eickbusch, Aviv Moshe Elbag, Lior Ella, Mahmoud
Elzouka, David Enriquez, Catherine FErickson, Lara
Faoro, Vinicius S. Ferreira, Marcos Flores, Leslie Flores
Burgos, Sam Fontes, Ebrahim Forati, Jeremiah Ford,
Brooks Foxen, Masaya Fukami, Alan Wing Lun
Fung, Lenny Fuste, Suhas Ganjam, Gonzalo Garcia,
Christopher Garrick, Robert Gasca, Helge Gehring,
Robert Geiger, Elie Genois, William Giang, Dar Gilboa,
James E. Goeders, Edward C. Gonzales, Raja Gosula,
Stijn J. de Graaf, Alejandro Grajales Dau, Dietrich
Graumann, Joel Grebel, Alex Greene, Jonathan A.
Gross, Jose Guerrero, Loick Le Guevel, Tan Ha, Steve
Habegger, Tanner Hadick, Ali Hadjikhani, Michael C.
Hamilton, Monica Hansen, Matthew P. Harrigan,
Sean D. Harrington, Jeanne Hartshorn, Stephen Heslin,
Paula Heu, Oscar Higgott, Reno Hiltermann, Jeremy
Hilton, Hsin-Yuan Huang, Mike Hucka, Christopher
Hudspeth, Ashley Huff, William J. Huggins, Lev B.
Toffe, Evan Jeffrey, Shaun Jevons, Zhang Jiang, Xiaoxuan
Jin, Chaitali Joshi, Pavol Juhas, Andreas Kabel, Hui
Kang, Kiseo Kang, Amir H. Karamlou, Ryan Kaufman,
Kostyantyn Kechedzhi, Tanuj Khattar, Mostafa Khezri,
Seon Kim, Paul V. Klimov, Can M. Knaut, Bryce Kobrin,
Alexander N. Korotkov, Fedor Kostritsa, John Mark
Kreikebaum, Ryuho Kudo, Ben Kueffler, Arun Kumar,
Vladislav D. Kurilovich, Vitali Kutsko, Tiano Lange-
Dei, Brandon W. Langley, Pavel Laptev, Kim-Ming Lau,
Emma Leavell, Justin Ledford, Joy Lee, Kenny Lee,
Brian J. Lester, Wendy Leung, Lily Li, Wing Yan Li,
Alexander T. Lill, William P. Livingston, Matthew T.
Lloyd, Aditya Locharla, Laura De Lorenzo, Erik Lucero,
Daniel Lundahl, Aaron Lunt, Sid Madhuk, Aniket
Maiti, Ashley Maloney, Salvatore Mandra, Leigh S.
Martin, Orion Martin, Eric Mascot, Paul Masih Das,
Dmitri Maslov, Melvin Mathews, Cameron Maxfield,
Jarrod R. McClean, Matt McEwen, Seneca Meeks,
Anthony Megrant, Kevin C. Miao, Zlatko K. Minev, Reza
Molavi, Sebastian Molina, Shirin Montazeri, Charles
Neill, Michael Newman, Anthony Nguyen, Murray
Nguyen, Chia-Hung Ni, Murphy Yuezhen Niu, Nicholas
Noll, Logan Oas, William D. Oliver, Raymond Orosco,
Kristoffer Ottosson, Alice Pagano, Agustin Di Paolo,
Sherman Peek, David Peterson, Alex Pizzuto, Elias
Portoles, Rebecca Potter, Orion Pritchard, Michael
Qian, Chris Quintana, Ganesh Ramachandran, Arpit



[15]

Ranadive, Matthew J. Reagor, Rachel Resnick, David M.
Rhodes, Daniel Riley, Roberto Rodriguez, Emma Ropes,
Lucia B. De Rose, Eliott Rosenberg, Dario Rosenstock,
Elizabeth Rossi, Pedram Roushan, David A. Rower,
Robert Salazar, Kannan Sankaragomathi, Murat Can
Sarihan, Max Schaefer, Sebastian Schroeder, Henry F.
Schurkus, Aria Shahingohar, Michael J. Shearn, Aaron
Shorter, Noah Shutty, Vladimir Shvarts, Spencer
Small, W. Clarke Smith, David A. Sobel, Barrett
Spells, Sofia Springer, George Sterling, Jordan Suchard,

Aaron Szasz, Alexander Sztein, Madeline Taylor,
Jothi Priyanka Thiruraman, Douglas Thor, Dogan
Timucin, Eifu Tomita, Alfredo Torres, M. Mert

Torunbalci, Hao Tran, Abeer Vaishnav, Justin Vargas,
Sergey Vdovichev, Guifre Vidal, Benjamin Villalonga,
Catherine Vollgraff Heidweiller, Meghan Voorhees,
Steven Waltman, Jonathan Waltz, Shannon X. Wang,
Danni Wang, Brayden Ware, James D. Watson, Yonghua
Wei, Travis Weidel, Theodore White, Kristi Wong,
Bryan W. K. Woo, Christopher J. Wood, Maddy
Woodson, Cheng Xing, Z. Jamie Yao, Ping Yeh, Bicheng
Ying, Juhwan Yoo, Noureldin Yosri, Elliot Young,
Grayson Young, Adam Zalcman, Ran Zhang, Yaxing
Zhang, Ningfeng Zhu, Nicholas Zobrist, Zhenjie Zou,
Hartmut Neven, Sergio Boixo, Cody Jones, Julian Kelly,
Alexandre Bourassa, and Kevin J. Satzinger. Magic state
cultivation on a superconducting quantum processor,
2025.

Alec Eickbusch, Matt McEwen, Volodymyr Sivak,
Alexandre Bourassa, Juan Atalaya, Jahan Claes, Dvir
Kalfri, Craig Gidney, Christopher W. Warren, Jonathan
Gross, Alex Opremcak, Nicholas Zobrist, Kevin C.
Miao, Gabrielle Roberts, Kevin J. Satzinger, Andreas
Bengtsson, Matthew Neeley, William P. Livingston,
Alex Greene, Rajeev Acharya, Laleh Aghababaie Beni,
Georg Aigeldinger, Ross Alcaraz, Trond I. Andersen,
Markus Ansmann, Frank Arute, Kunal Arya, Abraham
Asfaw, Ryan Babbush, Brian Ballard, Joseph C.
Bardin, Alexander Bilmes, Jenna Bovaird, Dylan Bowers,
Leon Brill, Michael Broughton, David A. Browne,
Brett Buchea, Bob B. Buckley, Tim Burger, Brian
Burkett, Nicholas Bushnell, Anthony Cabrera, Juan
Campero, Hung-Shen Chang, Ben Chiaro, Liang-Ying
Chih, Agnetta Y. Cleland, Josh Cogan, Roberto Collins,
Paul Conner, William Courtney, Alexander L. Crook,
Ben Curtin, Sayan Das, Alexander Del Toro Barba,
Sean Demura, Laura De Lorenzo, Agustin Di Paolo,
Paul Donohoe, Ilya K. Drozdov, Andrew Dunsworth,
Aviv Moshe Elbag, Mahmoud Elzouka, Catherine
Erickson, Vinicius S. Ferreira, Leslie Flores Burgos,
Ebrahim Forati, Austin G. Fowler, Brooks Foxen,
Suhas Ganjam, Gonzalo Garcia, Robert Gasca, Elie
Genois, William Giang, Dar Gilboa, Raja Gosula,
Alejandro Grajales Dau, Dietrich Graumann, Tan
Ha, Steve Habegger, Michael C. Hamilton, Monica
Hansen, Matthew P. Harrigan, Sean D. Harrington,
Stephen Heslin, Paula Heu, Oscar Higgott, Reno
Hiltermann, Jeremy Hilton, Hsin-Yuan Huang, Ashley

Huff, William J. Huggins, Evan Jeffrey, Zhang
Jiang, Xiaoxuan Jin, Cody Jones, Chaitali Joshi,
Pavol Juhas, Andreas Kabel, Hui Kang, Amir H.

Karamlou, Kostyantyn Kechedzhi, Trupti Khaire, Tanuj
Khattar, Mostafa Khezri, Seon Kim, Bryce Kobrin,
Alexander N. Korotkov, Fedor Kostritsa, John Mark

24

Kreikebaum, Vladislav D. Kurilovich, David Landhuis,
Tiano Lange-Dei, Brandon W. Langley, Kim-Ming
Lau, Justin Ledford, Kenny Lee, Brian J. Lester,
Loick Le Guevel, Wing Yan Li, Alexander T. Lill,
Aditya Locharla, Erik Lucero, Daniel Lundahl, Aaron
Lunt, Sid Madhuk, Ashley Maloney, Salvatore Mandra,
Leigh S. Martin, Orion Martin, Cameron Maxfield,
Jarrod R. McClean, Seneca Meeks, Anthony Megrant,
Reza Molavi, Sebastian Molina, Shirin Montazeri, Ramis
Movassagh, Michael Newman, Anthony Nguyen, Murray
Nguyen, Chia-Hung Ni, Logan Oas, Raymond Orosco,
Kristoffer Ottosson, Alex Pizzuto, Rebecca Potter, Orion
Pritchard, Chris Quintana, Ganesh Ramachandran,
Matthew J. Reagor, David M. Rhodes, Eliott Rosenberg,
Elizabeth Rossi, Kannan Sankaragomathi, Henry F.
Schurkus, Michael J. Shearn, Aaron Shorter, Noah
Shutty, Vladimir Shvarts, Spencer Small, W. Clarke
Smith, Sofia Springer, George Sterling, Jordan Suchard,
Aaron Szasz, Alex Sztein, Douglas Thor, Eifu Tomita,
Alfredo Torres, M. Mert Torunbalci, Abeer Vaishnav,
Justin Vargas, Sergey Vdovichev, Guifre Vidal, Catherine
Vollgraff Heidweiller, Steven Waltman, Jonathan Waltz,
Shannon X. Wang, Brayden Ware, Travis Weidel,
Theodore White, Kristi Wong, Bryan W. K. Woo, Maddy
Woodson, Cheng Xing, Z. Jamie Yao, Ping Yeh, Bicheng
Ying, Juhwan Yoo, Noureldin Yosri, Grayson Young,
Adam Zalcman, Yaxing Zhang, Ningfeng Zhu, Sergio
Boixo, Julian Kelly, Vadim Smelyanskiy, Hartmut Neven,
Dave Bacon, Zijun Chen, Paul V. Klimov, Pedram
Roushan, Charles Neill, Yu Chen, and Alexis Morvan.
Demonstration of dynamic surface codes. Nature Physics,
21(12):1994-2001, Dec 2025.

[16] Sergey Bravyi and David Gosset. Improved classical
simulation of quantum circuits dominated by clifford
gates. Phys. Rev. Lett., 116:250501, Jun 2016.

[17] Sergey Bravyi, Dan Browne, Padraic Calpin,
Earl Campbell, David Gosset, and Mark Howard.
Simulation of quantum circuits by low-rank stabilizer
decompositions. Quantum, 3:181, September 2019.

[18] Sergey Bravyi, Matthias Englbrecht, Robert Konig, and
Nolan Peard. Correcting coherent errors with surface
codes. npj Quantum Information, 4(1):55, Oct 2018.

[19] Aron Marton and Janos K. Asboth. Coherent errors and
readout errors in the surface code. Quantum, 7:1116,
September 2023.

[20] Andrew S. Darmawan and David Poulin. Tensor-network
simulations of the surface code under realistic noise.
Phys. Rev. Lett., 119:040502, Jul 2017.

[21] Andrew S. Darmawan and David Poulin. Linear-time
general decoding algorithm for the surface code. Phys.
Rev. E, 97:051302, May 2018.

[22] Daniel Greenbaum and Zachary Dutton. Modeling
coherent errors in quantum error correction. Quantum
Science and Technology, 3(1):015007, dec 2017.

[23] Eric Huang, Andrew C. Doherty, and Steven Flammia.
Performance of quantum error correction with coherent
errors. Phys. Rev. A, 99:022313, Feb 2019.

[24] Easwar Magesan, Daniel Puzzuoli, Christopher E.
Granade, and David G. Cory. Modeling quantum noise
for efficient testing of fault-tolerant circuits. Phys. Rev.
A, 87:012324, Jan 2013.

[25] Daniel Puzzuoli, Christopher Granade, Holger Haas,
Ben Criger, Easwar Magesan, and D. G. Cory.
Tractable simulation of error correction with honest



approximations to realistic fault models. Phys. Rev. A,
89:022306, Feb 2014.

[26] Joel Wallman, Chris Granade, Robin Harper, and
Steven T Flammia. Estimating the coherence of noise.
New Journal of Physics, 17(11):113020, nov 2015.

[27] Yuval R Sanders, Joel J Wallman, and Barry C Sanders.
Bounding quantum gate error rate based on reported
average fidelity. New Journal of Physics, 18(1):012002,
dec 2015.

[28] Richard Kueng, David M. Long, Andrew C. Doherty, and
Steven T. Flammia. Comparing experiments to the fault-
tolerance threshold. Phys. Rev. Lett., 117:170502, Oct
2016.

[29] Andrew S Darmawan. Optimal adaptation of surface-
code decoders to local noise. pages 1-18, 2024.

[30] Jan Behrends and Benjamin Béri. The surface code
beyond Pauli channels. pages 1-17, 2024.

[31] Craig Gidney, Noah Shutty, and Cody Jones. Magic state
cultivation: growing t states as cheap as cnot gates, 2024.

[32] Ryan S. Bennink, Erik M. Ferragut, Travis S. Humble,
Jason A. Laska, James J. Nutaro, Mark G. Pleszkoch,
and Raphael C. Pooser. Unbiased simulation of near-
clifford quantum circuits. Phys. Rev. A, 95:062337, Jun
2017.

[33] Eric Dennis, Alexei Kitaev, Andrew Landahl, and John
Preskill. Topological quantum memory. Journal of
Mathematical Physics, 43(9):4452-4505, 09 2002.

[34] A.Yu. Kitaev. Fault-tolerant quantum computation by
anyons. Annals of Physics, 303(1):2-30, 2003.

[35] David S. Wang, Austin G. Fowler, and Lloyd C. L.
Hollenberg. Surface code quantum computing with error
rates over 1 Phys. Rev. A, 83:020302, Feb 2011.

[36] Austin G. Fowler, Matteo Mariantoni, John M. Martinis,
and Andrew N. Cleland. Surface codes: Towards
practical large-scale quantum computation. Phys. Rev.
A, 86:032324, Sep 2012.

[37] Austin G. Fowler. Minimum weight perfect matching
of fault-tolerant topological quantum error correction in
average o(1) parallel time. Quantum Info. Comput.,
15(1-2):145-158, January 2015.

[38] Yu Tomita and Krysta M. Svore. Low-distance surface
codes under realistic quantum noise. Phys. Rev. A,
90:062320, Dec 2014.

[39] Daniel Litinski. A Game of Surface Codes: Large-Scale
Quantum Computing with Lattice Surgery. Quantum,
3:128, March 2019.

[40] Anthony Ryan O’Rourke and Simon Devitt. Compare
the pair: Rotated vs. unrotated surface codes at equal
logical error rates, 2024.

[41] Joel J. Wallman and Joseph Emerson. Noise tailoring
for scalable quantum computation via randomized

25

compiling. Phys. Rev. A, 94:052325, Nov 2016.

[42] Craig Gidney. Stim: a fast stabilizer circuit simulator.
Quantum, 5:497, July 2021.

[43] Timothy J. Proctor and Viv Kendon. Minimal
ancilla mediated quantum computation. EPJ Quantum
Technology, 1(1):13, Sep 2014.

[44] A. V. Antipov, E. O. Kiktenko, and A. K. Fedorov.
Realizing a class of stabilizer quantum error correction
codes using a single ancilla and circular connectivity.
Phys. Rev. A, 107:032403, Mar 2023.

[45] J. A. Muniz et al. Repeated ancilla reuse for logical
computation on a neutral atom quantum computer.
Phys. Rev. X, pages —, Oct 2025.

[46] A. Bermudez, X. Xu, R. Nigmatullin, J. O’Gorman,
V. Negnevitsky, P. Schindler, T. Monz, U. G. Poschinger,
C. Hempel, J. Home, F. Schmidt-Kaler, M. Biercuk,
R. Blatt, S. Benjamin, and M. Miiller. Assessing the
progress of trapped-ion processors towards fault-tolerant
quantum computation. Phys. Rev. X, 7:041061, Dec
2017.

[47] Min Ye and Nicolas Delfosse. Quantum error correction
for long chains of trapped ions, 2025.

[48] Tomislav Begusi¢, Johnnie Gray, and Garnet Kin-Lic
Chan. Fast and converged classical simulations of
evidence for the utility of quantum computing before
fault tolerance. Science Advances, 10(3):eadk4321, 2024.

[49] Manuel S. Rudolph, Tyson Jones, Yanting Teng,
Armando Angrisani, and Zoé& Holmes. Pauli propagation:
A computational framework for simulating quantum
systems, 2025.

[60] Sascha Heuken, Don Winter, Manuel Rispler, and
Markus Miiller. Dynamical subset sampling of quantum
error-correcting protocols. Phys. Rev. Res., 6:013177, Feb
2024.

[61] Mark Myers II, Mariesa H. Teo, Rajesh Mishra, Jing Hao
Chai, and Hui Khoon Ng. Simulating general noise nearly
as cheaply as pauli noise, 2025.

[62] Pavithran Iyer and David Poulin. A small quantum
computer is needed to optimize fault-tolerant protocols.
Quantum Science and Technology, 3(3):030504, jun 2018.

[63] Shigeo Hakkaku, Kosuke Mitarai, and Keisuke Fujii.
Sampling-based quasiprobability simulation for fault-
tolerant quantum error correction on the surface codes
under coherent noise. Phys. Rev. Res., 3:043130, Nov
2021.

[64] Riling Li, Keli Zheng, Yiming Zhang, Huazhe Lou,
Shenggang Ying, Ke Liu, and Xiaoming Sun. Soft: a
high-performance simulator for universal fault-tolerant
quantum circuits, 2025.



	Computing logical error thresholds with the Pauli Frame Sparse Representation
	Abstract
	Introduction
	Pauli Frame Sparse Representation
	Stabilizer Frame
	Sparse vector representation
	Pauli histories and relative phases
	Pauli history
	Relative phases between two Pauli histories with the same label

	Summary of the Pauli Frame Sparse Representation

	Simulations using Pauli Frame Sparse Representation
	Action of Clifford operators on the Pauli Frame Sparse Representation
	Action of non-Clifford operators on the Pauli Frame Sparse Representation
	Action of a Pauli operator on the sparse vector
	Action of a linear combination of Pauli operators on the sparse vector

	Projective measurements
	If P commutes with all stabilizer generators
	If P anticommutes with at least one stabilizer generator
	Summary of projective measurement

	Application of noise channels
	Depolarizing noise
	Amplitude damping noise
	Coherent noise


	Computing thresholds on the rotated surface code
	The rotated surface code
	Threshold with phenomenological-level noise
	Layered approach to noise application
	Amplitude damping noise
	Coherent noise

	Computing thresholds with circuit-level noise
	Layered approach at the circuit level
	Truncation of small-amplitude terms
	Coherent noise


	Simulating magic state cultivation
	Injection and cultivation circuit
	Importance sampling for Monte Carlo simulations
	Results

	Conclusion
	Acknowledgment
	Performing projections on anticommuting Pauli eigenspace
	Computation of the Clifford U
	Update rule for Pauli history

	Stabilizer channel decomposition
	Amplitude damping noise
	Coherent noise

	References


